THE THEORY OF SUPERSTRING WITH FLUX ON NON-KAHLER 
MANIFOLDS AND THE COMPLEX MONGE-AMPERE EQUATION 
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1. Introduction 

The purpose of this paper is twofold. The first one is to solve an old problem posed 
by Strominger in constructing smooth models of superstring theory with flux. These are 
given by non-Kahler manifolds with torsion. To achieve this, we solve a nonlinear Monge- 
Ampere equation which is more complicated than the equation in the Calabi conjecture. The 
estimate of the volume form gives extra complication, for example. The second one is to 
point out the connection of the newly constructed geometry based on Strominger's equations 
in realizing the proposal of M. Reid [211 on connecting one Calabi- Yau manifold to another 
one with different topology. In Reid's proposal, the construction of Clemens-Friedman (see 
|10|) is needed where a Calabi- Yau manifold is deformed to complex manifolds diffeomorphic 
to connected sums of S^ x S^. These are non-Kahler manifolds. 

There is a rich class of non-Kahler complex manifolds for dimension greater than two. It 
is therefore important to construct canonical geometry on such manifolds. Since for non- 
Kahler geometry, the complex structure is not quite compatible with the Riemannian metric, 
it has been difficult to find a reasonable class of Hermitian metric that exhibit rich geometry. 
We believe that metrics motivated by theoretic physics should have good properties. This is 
especially true for those metrics which admit parallel spinors. The work of Strominger did 
provide such a candidate. In this paper, we provide a smooth solution to the Strominger 
system. This is an important open problem in the past twenty years. Our method is based 
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on a priori estimates which can be generahzed to elhptic fibration over general Calabi-Yau 
manifolds. However, in this paper, for the sake of importance in string theory, we shall 
restrict ourselves to complex three-dimensional manifolds. The structure of the equations 
for higher-dimensional Calabi-Yau manifolds are little bit different. They are also more 
relevant to algebraic geometry and hence will be treated in a later occasion. 

The physical context of the solutions is discussed in a companion paper 0] written jointly 
with K. Becker, M. Becker and L.-S. Tseng. 

Acknowledgement. The authors would like to thank K. Becker, M. Becker and L.-S. 
Tseng for useful discussions. J.-X. Fu would also like to thank J. Li and X.-P. Zhu for useful 
discussions. J.-X. Fu is supported in part by NSFC grant 10471026. S.-T. Yau is supported 
in part by NSF grants DMS-0244462, DMS-0354737 and DMS-0306600. 

2. Motivation from string theory 

In the original proposal for compactification of superstring ;6|, Candelas, Horowitz, Stro- 
minger and Witten constructed the metric product of a maximal symmetric four-dimensional 
spacetime M with a six-dimensional Calabi-Yau vacuum X as the ten-dimensional space- 
time; they identified the Yang-Mills connection with the SU(i) connection of the Calabi-Yau 
metric and set the dilaton to be a constant. Adapting the second author's suggestion of us- 
ing Uhlenbeck-Yau's theorem on constructing Hermitian- Yang-Mills connections over stable 
bundles 23 , Witten |5S] and later Horava- Witten jj^ proposed to use higher rank bundles 
for strong coupled heterotic string theory so that the gauge groups can be SU{A) or SU[b). 

At around the same time, Strominger j21| analyzed heterotic superstring background 
with spacetime supcrsymmetry and non-zero torsion by allowing a scalar "warp factor" for 
the spacetime metric. He considered a ten-dimensional spacetime that is a warped product 
of a maximal symmetric four-dimensional spacetime M and an internal space X; the metric 
on M X A takes the form 

the connection on an auxiliary bundle is Hermitian- Yang-Mills connection over X: 

F/\uj^ = 0, F^-" = F"'^ = 0. 

Here oj is the Hermitian form oj — 2 9il'^'^^ ^ '^^"' defined on the internal space X . In this 
system, the physical relevant quantities are 

h = -y/^{d - d)uj, 



and 



-^logll^ll 



g^^=e'^'>\M-'g,,, 



for a constant 00- 

In order for the ansatz to provide a supersymmetric configuration, one introduces a 
Majorana-Weyl spinor e so that 

5ipM = VAf e - -^hMNPl'^^f- = 0, 
o 

5\ = t'^'Sm^e - ^hMNPl^'''''e = 0, 

5x = -f^'^FMNe = 0, 
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where tJjm is the gravitino, A is the dilatino, x is the gluino, (/> is the dilaton and h is the 
Kalb-Ramond field strength obeying 

a' 
dh = — (trFAF-tri?Ai?). 

Stroniinger |21| showed that in order to achieve spacetime supersynimetry, the internal six 
manifold X must be a complex manifold with a non- vanishing holomorphic three- form Q; 
and the anomaly cancellation demands that the Hermitian form lu obey^ 

V^dduj = — (trR AR-tvF AF) 
4 

and supersymmetry requires^ 

d*Lu = V^{d-d)iog\\n\\^. 

Accordingly, he proposed the system 

(2.1) FhAuj^^O; 

(2.2) F^° = F°'^ = 0; 

(2.3) V^ddLu= —{trRAR-trFn AFh); 

(2.4) d*u; = V^{d-d)\n\\n\\^. 

This system gives a solution of a superstring theory with flux that allows non-trivial dilaton 
field and Yang-Mills field. (It turns out D{y) ~ (p and is the dilaton field.) Here w is the 
Hermitian form and R is the curvature tensor of the Hermitian metric lu; H is the Hermitian 
metric and F is its curvature of a vector bundle E; tr is the trace of the endomorphism 
bundle of either E or TX. 

In ^21i Li and Yau observed the following: 

Lemma 1. Equation Jj^.^l ) is equivalent to 

(2.5) diW n \\^ Lu^) = 0. 

In fact, Li and Yau gave the first irreducible non-singular solution of the supersymmetric 
system of Strominger for C/(4) and C/(5) principle bundle. They obtained their solutions 
by perturbing around the Calabi-Yau vacuum coupled with the sum of tangent bundle and 
trivial line bundles. In this paper, we consider the solution on complex manifolds which do 
not admit Kahler structures. Study of non-Kahler manifold should be useful to understand 
the speculation of M. Reid that all Calabi-Yau manifolds can be deformed to each other 
through conifold transition. 

An example of non-Kahler manifolds X is given by T^-bundles over Calabi-Yau varieties 
O |S1 nil I13L [T5] . Since we demand that the internal six manifold X is a complex manifold 
with a non-vanishing holomorphic three form fl, we consider the T^— bundle {X,uj,fl) over 
a complex surface (S*, 0^5, fig) with a non- vanishing holomorphic 2-form fig. According to 
the classification of complex surfaces by Enriques and Kodaira, such complex surfaces must 



The curvature F of the vector bundle E in ref . i2li is real, i.e., ci{E) = =— ■ But we are used to taking 
the curvature F such that ci(E) = \^^ F. So this equation corrects eq. (2.18) of ref. )21l by a minus sign. 
See eq. (56) of ref.|22|. which corrects eq. (2.30) of ref.|21| by a minus sign. 
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be finite quotients of K3 surface, complex torus (Kahler) and Kodaira surface (non-Kahler) . 
If {X,u!,il) satisfies Strominger's equation (|2.4|) . Lemma 1 shows that d{\\ fl \\^ oj'^) = 0. 

Let Lo' —\\ fl \\Sj uj. Then doj''^ = 0, i.e., uj' is a balanced metric ^Hl- The balanced metric 
was studied extensively by Michelsohn. She proved that the balanced condition is preserved 
under proper holomorphic submersions. Note that Alessandrini and Bassanelli pP proved 
that this condition is also preserved under modifications of complex manifolds. Hence if a 
holomorphic submersion tt from a balanced manifold X to a complex surface S is proper, 
S is also balanced (actually n^uj''^ is the balanced metric on S, see proposition 1.9 in [T^). 
When the dimension of complex manifold is two, the conditions of being balanced and 
Kahler coincide. Hence there is no solution to Strominger's equation (1.4) on T^ bundles 
over Kodaira surface and we consider T^-bundles over K3 surface and complex torus only. 
On the other hand, duality from Af -theory suggests that there is no supersymmetric 
solution when the base manifold is a complex torus (see 0]). This class of three manifolds 
includes the Iwasawa manifold. But the solution to Strominger's system should exist when 
the base is K3 surface. In this paper we do prove the existence of solutions to Strominger's 
system on such torus bundles over K3 surfaces. 

3. Statement of main result 

Let (S,u!s,^s) be a K3 surface or a complex torus with a Kahler form ujs and a non- 
vanishing holomorphic (2,0)-form fls- Let ui and 0^2 be anti-self-dual (l,l)-forms such that 
^ and ^ represent integral cohomology classes. Using these two forms, Goldstein and 
Prokushkin jjl] constructed a non-Kahler manifold X such that n : X ^ S is a holomorphic 
T^-fibration over S with a Hermitian form ojq = tt*ujs + ^ ^ ^ ^ ^^'^ ^ holomorphic (3,0)- 
form fl = fig A 9 (for the definition of 9, see section 3). Note that {ojq, Jl) satisfies equation 
(E31). 

Let u be any smooth function on S and let 



w« = 7r*(e"w5) , 

Then (a;„,r2) also satisfies equation (|2.5|l (see ^J or Lemma EJ, i.e., ijj„ is conformal 
balanced. The stability concept can be defined on a vector bundle over a complex manifold 
using the Gauduchon metric |17| . and hence for complex manifolds with balanced metrics. 
Note that the stability concept of the vector bundle depends only on the conformal class of 
metric. Let F ^ X be a stable bundle over X with degree zero with respect to the metric 
oju- (Such bundles can be obtained by pulling back stable bundles over a Ki surface or a 
complex torus, see Lemma 16.) According to Li-Yau's theorem JJj, there is a Hermitian- 
Yang-Mills metric H on V, which is unique up to positive constants. The curvature Fh 
of the Hermitian metric H satisfies equation (|2.1|l and (|2.2|l . So {V, Fh , X , Uu) satisfies 
Strominger's equations (|2.1() . H2.2|l and (|2.4(l . Therefore we only need to consider equation 
1)2. 3|l . As LOi and W2 are harmonic, duji = duj2 = 0. According to 9-Poincare Lemma, we 
can write Wi and W2 locally as 

wi = 9^ = di^idzi + £,2dz2) 

and 

W2 = 9C = d{C,idzi + C2dz2), 
where (zi, Z2) is a local coordinate on S. Let 




We can use B to compute tri?o A Rq of the metric luq (see Proposition |SJ| and tri?„ A i?„ of 
the metric uju (see Lemma E)). Then We reduce equation (|2.3ll to 



(3.1) 



— cy — — (y — — 

V^Sae" A cjs - — 9a(e-"tr(aB A dB* ■ g-^)) - —ddu A ddu 

-tri?s ^Rs~ ^trFn A F^ - -(|| o^i H^^ + || uo^ \\l,)^, 



where g = [gfj) is the Ricci-flat metric on S associated to the Kahler form ujs and g~^ is the 
inverse matrix of 5; Rs is the curvature of g. Taking wedge product with uju and integrating 
both sides of the above equation over X, we obtain 

-f A t^„ = 0. 
Ix Jx 

When S — T'^, Rs — 0- We obtain immediately 



(3.2) a' f {tvRs ARs- trFn A Fh} A c^„ - 2 / (|| uj^ 
Jx Jx 



Proposition 2. There is no solution of Strominger's system on the torus bundle X over 
T^ if the metric has the form e^uis + 2^^ ^ ^' 

This situation is different if the base is a K3 surface. If _E is a stable bundle over S with 
degree with respect to the metric uJs, then V = tt*E is also a stable bundle with degree 
over X with respect to the Hermitian metric uju- In this case, equation (|3.1(l on X can be 
considered as an equation on S. Integrating equation (|3.1(l over S, 

(3.3) a' JitiRsARs'trFHAFH} ^ ^ J i\\ ^1 Wis + II ^2 11^)^- 

As Jg tiRs ARs = 8tt^C2{V) = Stt^ x 24, and Jg trFn A Fh = 8tt^ x {c2{E) - ^cl{E)) > 0, 
we can rewrite equation H3.3() as 



(3.4) 



1 



a'{2i-{c2{E)--cl{E)))= {[ 2^,,^, 



^1 l|2 



\r + II — \r ) 



^2 ||2 ^^ 

2! ■ 



For a compact, oriented, simply connected four-manifold S, the Poincare duality gives rise 
to a pairing 

Q:H2{S;Z) x H2{S;Z) ^ Z 
defined by 

Q(/3,7)= //?A7. 
Js 

We shall denote Q{j3,l3) by Q{f3). Then for an integral anti-self-dual (l,l)-form ^, the 

2 
intersection number Q(|^) can be expressed as — /„ || ^ |p ^. On the other hand, the 

intersection form on K3 surface is given by [5] 

1 
. 1 
where 



^8 = 



'2{--Es), 
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Hence Q{^) e {-2, -4, -6, • • • }. 

We shall use the following convention for vector bundles over a compact oriented four- 
manifold: 

k{E) = C2{E) for SU{r) bundle E, 

= C2{E) - -c\{E) for U{r) bundle E, 

= — pi{E) for SO{r) bundle E. 

Then 13.411 implies 

(3.5) a'(24 - n{E)) + (q (g) + Q (g)) = 0, 
which means that there is a smooth function /i such that 

(3.6) ^trRs ARs- ^trFn A Fh - \i\\ ^i |P + || u;^ f)^ = -/z^ 
and Jg fi^ = 0. Inserting (|3.6|1 into (I3.1|l . we obtain the following equation: 

(3.7) V^dde'' Aug- ^dd{e-''tT{dB A dB* ■ g-^)) - ^ddu A ddu + /i^ = 0, 

where ti(dB A dB* ■ g^^) is a smooth well-defined (l,l)-form on S. In particular, when 

UJ2 = nuji, n g Z, 

tr{dB A dB* ■ .g-i) = ^^-^ II ^i Wis ^s 

(see Proposition II l|l . Hence if we set / = "'"^" || cji ||^^, we can rewrite equation H3.7(l as 
the standard complex Monge- Ampere equation: 

(3.8) A(e«-^/e-") + 4a'^+M = 0, 

2 det gcj 

where Ufj denotes g"g"_ and A = 2g^^ dzdz • ^^ shall solve equation (|3.7|1 by the continuity 
method 26 . Our main theorem is 

Theorem 3. The equation \3/il\j has a smooth solution u such that 

a' 

Lj' = e^ujs ^r^e"^tv{dB A dB* ■ g-^) + a'^T^ddu 

defines a Hermitian metric on S . 

Our solution u satisfies (/c e"**") * = A « 1. Actually we can prove that infu > 
— In(CiA) (see Proposition I2l)|l where A must be very small (see Proposition 12 1|) and our 
solution u must be very big. 

Theorem 4. Let S be a K3 surface with a Ricci-fiat metric los- Let oji and L02 be anti- 
self-dual {l,l)-forms on S such that y^,^ & H'^{S,Z,). Let X be a T^-bundle over S 
constructed by Wi and 102- Let E be a stable bundle over S with degree 0. Suppose lui, 
UJ2 and k{E) satisfy condition kS.5\) . Then there exist a smooth function u on S and a 
Hermitian- Yang- Mills metric H on E such that {V = t:* E,tt* Fh, X^Uu) is a solution of 
Strominger's system. 

Since it is easy to find (a;i,a;2, k{E)) which satisfies condition H3.5|l . this theorem provides 
first examples of solutions to Strominger's system on non-Kahler manifold. 
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4. Geometric model 

In this section, we take the geometric model of Goldstein and Prokushkin for complex 
non-Kahler manifolds with an SU{3) structure ^Jj. We summarize their results as follows: 

Theorem 5. jllj Let (S^ujst^s) be a Calabi-Yau 2-fold with a non-vanishing holomorphic 
(2,0)— form fls- Let to i and 102 he anti-self-dual {l,l)-forms on S such that |^ € H'^{S,1i) 
and ^ € H'^{S, Z). Then there is a Hermitian 3-fold X such that tt : X ^ S is a holomor- 
phic T^ -fibration over S and the following holds: 

1. For any real 1-forms ai and a2 defined on some open subset of S that satisfy dai — lo\ 
and da2 = 1^27 there are local coordinates x and y on X such that dx + idy is a holomorphic 
form on T^ -fibers and a metric on X has the following form: 

(4.1) 50 = 7^*5 + {dx + Tr*aif + {dy + 7^*a2)^ 

where g is a Calabi- Yau metric on S corresponding to the Kdhler form lus ■ 

2. X admits a nowhere vanishing holomorphic (3,0)-/orm with unit length: 

n = {{dx + 7r*ai) + i{dy + n*a2)) A 7r*f7s. 

3. If either toi or L02 represents a non-trivial cohomological class then X admits no Kdhler 
metric. 

4-. X is a balanced manifold. The Hermitian form 

(4.2) loq = TT*uJs + (dx + Tr*ai) A (dy + 7r*a2) 

corresponding to the metric i4.1\ ) is balanced, i.e., doj^ = 0. 

5. Furthermore, for any smooth function u on S , the Hermitian metric 

u>u = Tr*{e^uJs) + {dx + 7r*ai) A {dy + 77*^2) 

is conformal balanced. Actually (cij,j,ri) satisfies equation i2.5\} . 

Goldstein and Prokushkin also studied the cohomology of this non-Kahler manifold X: 

h^'"{X) = h^-'^{S), 

/iO-i(X) = /iO'i(^) + l; 



particular 
!)rG0V6r 




/(,°'i(X) = /ii'"(X) + l. 




bi{X) 


= 6i(S') + l, when ulI2 — noji, 




bi{X) 


= bi{S), when cj2 7^ ?^Wl; 




b2{X) 


— b2{S) — 1, when CJ2 — nuJi, 




b2{X) 


— b2{S) — 2, when lu2 7^ ruvi 



and 



x{x) = 0. 



The above topological results can be explained as follows. Let Li be a holomorphic line 
bundle over S with the first Chern class ci(Li) = [— ^]. Then we can choose a Hermitian 
metric hi on Li such that its curvature is ^/—lLUl. Let Si — {v G Li \ hi{v,v) = 1} which 
is a circle bundle over S. Locally we write toi = dam for some real 1-form aiu on some 
open subset U on S. Such am define a connection on Si, i.e., there is a section ^u on Si 
such that 

VS.u = v^aiu<»^u- 
7 



The section ^^i defines a local coordinate xu on fibers of 5*1 \u, i.e., we can describe the 
circle S^ by e^^^^" ^jj- If we write lui — daw on another open set V of S, then there is 
another section ^y such that 

(4.3) VCy = V^aiv ® ^v 

and this section ^y defines another coordinate xy on fiber of 5*1 |y . On UHV , d{aiu—aiv) = 
and there is a function fjjv such that 

(4.4) dfuv = aiu-aiv. 

On the other hand, on UDV, there is also a function y^/y on L/nV^ such that ^y = e^'^^^^^^f/. 
We compute 

Vey=V(e^^^"^Cc/) 

={V^dguv + V^aiu) <» ^v- 
Comparing the above equality with (|4.3|l . we get 

(4.5) -dguv = «i(7 - aiy- 
So combining (|4.4|l . we find 

(4.6) 9uv ^ fuv + cuv, 
where cjjv is some constant on U OV. On U OV, from 

we obtain 

(4.7) Xu — XV + guv + 2kn ~ xy + fuv + cuv + 2kn. 
l|0|) and (|¥T|) imply 

(4.8) dxu — dxy = dfuv = — "ic/ + "ly- 

So dx;7 + ai;7 is a globally defined 1-form on X. We denote it by dx + ai. 

We construct another line bundle L2 with the first Chern class [— fj]. Similarly, we write 
locally UJ2 = da2, and define a coordinate y on fibers such that dy + a2 is a well-defined 
1-form on the circle bundle Si of L2. On X, uji = d(dx + ai) and 0^2 = d{dy -f 012), and 
so [wi] = [W2] = e ij2(X,R). When ^2 = nijji, d{n{dx + ai) - {dy + a2)) = 0- So 
[n(dx -t- Qfi) - (dy + 02)] G iJ^(X,R). Finally we define 

9 = dx + ai + \/~l{dy + a2)- 

Then is a (1, 0)-form on X , see [TJ or the next section. Because dO — loi — \J ~\uj2 is a 
(l,l)-formonX, its (0, 2)-coniponent 50 = 0. So [^] e iy°'^(X) ^^^^^(X,©). 

5. The calculation of tr_R A R 

In order to calculate the curvature R and tri? A i?, we express the Hermitian metric (|4.1|) 
in terms of a basis of holomorphic (1,0) vector fields. Hence we need to write down the 
complex structure on X. Let {C/, Zj = Xj -f- V—^yj,j — 1,2} be a local coordinate in S. 
The horizontal lifts of vector fields -^r and -^, which are in the kernel of dx + n* ai and 
dy -\- iT*a2, are 

X- = — ^aA—\—~a2(—\— forj = 12 
■^ dxj \dxj J dx \dxj J dy 
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dyj 



d__ (_d_\d_ 
yj "^ \dV]) dx 
The complex structure / on X is defined as 



0-2 



d 



Let 



IX, 
dx 



Uj = 
Uo = 



'J' 
d_ 

dy' 



X,- 



lYj = -Xj, 



— for .7 = 1,2. 
oy 



for j = l,2, 



oy 



d_ 
dx 



'-IIX, = X, - 
d_ 
dx 



a 


, d 




V II 


dx 


dx 



d 



-1- 



dy 



(5.1) 

as Ui and U2 are in the kernel of dx 
(5.2) e^dx + 



Then {Uj,Uo} is the basis of the (1,0) vector fields on X. The metric H4.1|) takes the 
following Hermitian form: 

(5.j) 
1 

TT*ai and dy + n*a2. Let 

-Idy + n*{ai + y/^a2)- 

It's easy to check that {Tr*dzj,6} annihilates the {Uj,Uq} and is the basis of (0, l)-forms 
on X. So {TT*dzj,9} are (l,0)-forms on X. Certainly ii* dzj are holomorphic (l,0)-forms 
and 9 is not. We need to construct another holomorphic (1, 0)-form on X . Because wi and 
UJ2 are harmonic forms on 5, doJi — duj2 = 0. By 9-Poincare Lemma, locally we can find 
(l,0)-forms ^ — ^idzi + ^2dz2 and C. = Cidzi + C2dz2 on S , where ^i and Q are smooth 
complex functions on some open set of S, such that wi = dS, and lu2 = dQ. Let 

= {dx + V^dy)+TT*{ai+^/~l.a2)-TT*{S, + V^C)- 
We claim that 6*0 is a holomorphic (l,0)-form. By our construction, ^o is the (l,0)-form. 
But dO — d[dx + y/^dy + iT*{ai + y/^a2)) — 7t*{uji + \^^uj2) is a (1, l)-form on X. So 

(5.3) de^O and dO ^ dO = tt*{lui + iuj2). 

Thus 

dOo = d0-dTT*{£, + V^C) 

— TT*{uJl + V— 1^2) — T^*{^1 + V— 1(^2) = 0. 

So 60 is a holomorphic (1, 0)-form and {TT*dzj, 60} forms a basis of holomorphic (1, 0)-forms 
on X. Let 



and 



Vj = ^3 



U, ^Ui+< 



-10 for J = 1,2 



for 



1,2. 



J - ^j r ifjUo lor J 

Then {Uj,Uo} is dual to {7r*(izj, 6*0} because f/j is in the kernel of 6. It's the basis of 
holomorphic (1, 0)-vector fields. The metric go then becomes the following Hermitian matrix: 

2 



3ll+ I fl I 3l2 +</'l'P2 

(5.4) Hx = \ 921 +(^2^1 522+ I ^2 P 

^1 V2 

where g is the Calabi-Yau metric on S and B = ((^1, (^2)* 




B* 



B 

1 



According to Strominger's explanation in 21 , when the manifold is not Kahler, we should 
take the curvature of Hermitian connection on the holoniorphic tangent bundle T' X . Using 
the metric 1)5 .41) . we compute the curvature to be 

where 

i?ij = Rs + dBAidB* ■g-^)+B-d{dB* -g-^), 
Ri2 = -RsB + idg-g-^)AdB-dBA{dB* ■g~^)B, 
-Bd{dB* ■ g-^)B + B{dB* ■ g-^) AdB + ddB, 
i?2i = d{dB*-g-'), 
i?22 = -d{dB*-g-^)B + {dB*-g-^)AdB, 

and Rs is the curvature of Calabi-Yau metric g on S. It is easy to check that ti{dB A {dB* ■ 
5-I) + B ■ d(dB* ■ 5-I)) - didB* ■ g'^)B + {dB* ■ g-^) A 95 = 0. So tri? = 7r*tri?5. 

Proposition 6. 12 The Ricci forms of the Hermitian connections on X and S have the 
relation tri? = 7r*tri?s. 

Remark 7. In the above calculation, we don't use the condition that the metric g on S is 
Calabi- Yau. 

Proposition 8. 

(5.5) tri? A i? = TT*{tTRs A Rs + 2ivdd(dB A dB* ■ g-^)). 

Proof. Fix any point p G S, we pick B such that B{p) = 0. Otherwise, B{p) ^ and we 
simply replace B hy B — B{p). Hence in the calculation of tiRAR at p, all terms containing 
the factor B will vanish. Thus 

tri? A i? 
= tri?s A i?s + 2tri?s AdB A {dB* ■ g-^) 

+2tr5g • g-^ AdB A d{dB* ■ g-^) + 2ixddB A d{dB* ■ g-^) 

+trdBA{{dB* ■ g-^) AdB A {dB* ■ g-^)) 

+ {{dB* ■ g-^) AdB A {dB* ■ g-^)) A dB 
= tTRsARs + 2tTRsAdBA{dB*-g-^) 

+2trdg ■ g'^ AdB A d{dB* ■ g-^) + 2ti'ddB A d{dB* ■ g-^). 

Proposition 8 follows from the next two lemmas. D 

Lemma 9. 

tidd{dB A dB* ■ g-^) = trRs AdB A {dB* ■ g-^) 

+trdg -g-^AdBA d{dB* ■ g-^) 
+trddB Ad{dB* ■ g-^). 
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Proof. 

trddidB AdB* ■ g-^) 
= ~trd(dB Ad{dB* ■ g-^)) 
= tvddB A d{dB* ■ g-'^) + iidB A dd{dB* ■ g-^) 
= trddB A d{dB* ■ g-'^) + trdB A d{dB* A dg-^) 
= trddB A d{dB* ■ g-^) - trdB A d{dB* ■ g-^ A dg ■ g-^) 
= trddB A d{dB* ■ g-^) ~ trdB A d{dB* ■ g-^) A dg ■ g~^ 

+trdB A {dB* ■ g-^) A d{dg ■ g-^) 
= trddB A d{dB* ■ g-^) ~ trdB A d{dB* ■ g-^) A dg ■ g-^ 

+trdB A {dB* ■ g-^) A Rs 
= tr(ddB A d{dB* ■ g-^)) + tr{Rs AdB A dB* ■ g'^) 

+tr{dg ■ g'^ AdB A d{dB* ■ g-^). 

Lemma 10. tr{dB A dB* ■ g~^) is a well-defined (l,l)-form on S. 



J 



{ dwi 



u 



Proof. We take local coordinates {U, Zi) and {W,Wj) on S such that U nW 7^ 0. Let 



a — ) and 

azj 1 

{ujy + \f~^L02} \u= d{ipidzi + (p2dz2) = dipi A dzi + d(p2 A dz2, 

{uji + V— 1^2) \w— d{'-fidwi + j2dw2) = 971 A dwi + dj2 A dw2. 
Then orv Ur\W, 

So 

(5.6) ( dkpi dip2 ) = ( 971 972 ) J. 
On the other hand, we have 

(5.7) g{z) = J'g{w)J, 

where g{z) = {gij{z)) and g{w) — {gfj{w)). Then on C/ n W, using H5.6|l . H5.7|l . we have 



tr 



(^70^^^^^ 972)-.g-^(^) 



971 



= tr I ^^; ) A ( d^, 972 



tr( 



\w) 



(i^)A(a^i d^2)-g-\z), 
which proves that tr{dB A dB* ■ g~^) is a well-defined (1, l)-form on S. 



trJ* 
tr 



D 
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Although ii{dB A dB* ■ g ^) is a well-defined (l,l)-form on S, we can not express it by 
wi and UJ2- But in sonic particular case, we can. 

Proposition 11. When 0)2 = nuii, n E Z, 

(5.8) tviOB A dB* ■ .g-i) = ^(1 + n^) \\ co, \\l^ lus, 

where g is the given C'alabi- Yau metric on S and ujs is the corresponding Kahler form. 

Proof. We recall that locally, 

wi = dS,, ^ = ^idzi + ^2dz2, 
L02 = Be, C = Cidzi + C,2dz2, 
fj = Cj+V^O, for j = 1,2, 

B = (^;),B* = (^i ^O- 

When LU2 = ruvijWe take C. = n^- Then dQ = ndS^j, 

and 

dB* - ( 9^1 8^2 ) = (1 - nV^) ( dii 96 
Using above equalities, we find 

ii{dB A dB* ■ g-^) 



=(l + n>(^g )a( 96 56 ) 



(5.9) _l±^,^ f 11'^^^ \ ^ { 9ir.,. a^.,. A /^ 522 -.912 



detg \^ If dz, j V 9^. ^ S^. ^ ^ V -.921 .911 
^ ^ ""'-tr I ft \h(W W^-i ^^^ '^^^ 1 dz, A dz. 



-^^^^ 1^ II y n ^ ^ r V -.921 511 ; "^^ '^ "^- 

In order to get the global formula, we need to calculate uji. As loi is real, 

(5.10) 1^=-!^ for z, J -1,2. 

Since oji is anti-sclf-dual, i.e., tJi A ujs — 0, we have 

,.,,, d^2 ^ 96 96 96 „ 

(5.11) 5ii;^^ +522;^^ -512;^^ -ff2i;^^ = 0. 

9z2 9zi 9zi 9z2 

Because 

^2 

(5.12) wi A cji = -ui A *wi = -uji * cJi = - II wi 11^^, — 1^, 

locally we also have 

1 /96 96 _ 96 96^ _ 1 ,1 , . „2 
det(g) \9zi 9z2 9z2 9zi^ 



(5-13) 37773 1 7:37:3 - 7:37^ ) = o II ^1 iic^s ■ 
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Now using above H5.10|l . H5.11|l and (|5.13|) . we calculate the component of dzi A dzi in H5.9|l 
to be 

1 + nV d^iW 96 96 _^9a 

■ dzi dzi 



569a_ _9696 
det(.g) V dzi dzi dzi dzi 



dzi dzi 



l + n^ / 9a 9a ^ 96 9Ci 
aet(5) \ ozi OZ2 ozi ozi 



(5.14) 



l + n' / 96 f 96 ^ 96 

.1+^/96 /_ 96^ ^^_ 96 
det(5) I 9zi \ dz2 dzi 



522 



522 



96 

dzi 

96 
9zi 

96 
dzx 



5ii 



5il 



5ii 



96 96 

dzi dz2 

96 96' 

9zi 9^2 

96 96' 

dzi dz2 



'det(5) 

1 + n2 

8 



5ii 



96 96_96 96 

9fi dz2 dzi dz2 



UJi 



5il- 



Similarly, the components of dz2 A dzi , dzi A dz2 and dz2 A dz2 in 15.9(1 are 



l+n^ 



Wi 



5l2, 



1+n^ 



^1 Cs 521 and ^^ II t^i ll^s 522 respectively. So we obtain 
tr(9^A9^*-g~i) 

1 +"^ n 
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UJl 



{gildzi A dzi + 512^-22 A dzi + g2idzi A dz2 + 522*^^2 A dz2) 



r^ ^ + n II ||2 

-1 — ^ — II ^1 L., ^s- 



n 



6. Reduction of the Strominger's system 

Consider a 3-dimensional Hermitian manifold {X^ljq^^) as described in the section 2. 
Let u)s be the Calabi-Yau metric on 5. Let 

9 ^ dx + ai + ^/^{dy + 02), 

then the Hermitian form loq in (|4.2|l is 



U!q — TT UJs + 



-61 A I 



Because || fi ||= 1, and uji and 0J2 are anti-self-dual, we use 1)5. 3|l to compute 

rf(ll « lUo ^0) 



dojQ 



(i(7r*w| + \/^7r*W5 A A I 



(6.1) 



-ln*u}s /\de /\0- \/-l7r*W5 A 6* A d6l 
= \/^7r*cj5 A (tJi + y/^u!2) f\0 - -s/~^'k*ujs A (wi - \/^cj2) A 
= 0. 

According to Lemma 1, (a;o,ri) is the solution of equation 1(2.4(1 . Let u be any smooth 
function on S and let 



(6.2) 



w„=7r*(e"t^5) + 



'A6I. 
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Then 



ne.^^^±- 



uj^, e^'" 



and 

Using H6.1|l . we obtain 



s- 



d{\\ n ||^„ ujD = duj^ + die"" - 1) A cj| = 

because e" is a function on S. Hence we have proven the following 

Lemma 12. j^ The metric i)6'.<^|) defined on X satisfies equation 1^2.5}) and so satisfies 
equation \2.4\j - 

Let y be a stable vector bundle over X with degree with respective to the metric w„. 
According to Li-Yau's theorem ^7], there is a Hermitian-Yang-Mills metric if on y, which 
is unique up to constant. Then (y,7J, X, w„) satisfies equation (|2.1|) . H2.2|l and (|2.4|) of the 
Strominge's system. Hence to look for a solution to Strominger's system, we need only to 
consider equation 1)2. 3|l : 

(6.3) V^dduu = —{tiRu ARu- tri^H A F^), 

where Ru is the curvature of Hermitian connection of metric lOu on the holomorphic tangent 
bundle T'X. Define the Laplacian operator A with respective to the metric lus as 

.col 



AV'-ff = V^ddtljAujs. 
Lemma 13. ^^dduu - Ae" • ^ + i(|| u^ ||2 + || co^ H' ^^ 



2! I 2VII ^i llws ' II '^^ llt^s^ 2! • 

Proof. Using (|5.3|) and H5.12|l . we compute 



V^aa^^ = V^dd{e"ujs + ^-—61 A 6*) 

= V^aae" A tJs - -afi* A dd 
2 

= Ae'' ■ ^ - -{oji + V^uj2) A {uji - V^UJ2) 

LOI 1 

=: Ae"- ^ - -(wi AtJi+tJ2 AtJ2) 

_ A„M '^S , -^/ll,, ||2 I II , , ||2 n'^S 
- '^e • ^ + -(,11 t^l ILs + II ^2 ILsJ^- 

n 

Lemma 14. tri?„ A i?„ = tt* tri?5 A i?s + 27r* {ddu A ddu) + 27r* (aa(e~"tr ((9B AdB*-g-^))). 

Proof. In the proof of the Proposition |2| we don't use the condition that los is Kahler. So if 
we replace metric g by e"^, we can still obtain: 

ivRu A Ru =7r*(tri?g A i?^ + 2trdd{dB A dB* ■ {e^gY^)) 

^7r*{trR'^AR^ + 2dd{e-''tiidBAdB*-g-^))), 
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here Rg denotes the curvature of Hermitian connection of the metric e^g on holomorphic 
tangent bundle T'S. So 

R^s = 9(a(e^) • (e"g)-i) 
= didu ■ I + dg ■ g-^) 
= ddu-I + Rs 

and 

trK A R'i =tri?5 A i?s + 2ddu A ddu + 2ddu A tri?s 

(6.5) 5 s ^ i _ _ 

=tri?5 A i?s + 2a9u A 99u, 

here we use the fact that tri?5 = because the Hermitian metric g is the Calabi-Yau metric 
on S. Inserting (|6.5|) into l|().4|l . we have proven the lemma. D 

From Lemma Il3l and [HI we can rewrite equation Ht).3|) as 

V^aae" A c^s - ^aa(e-"tr(aB A dB* ■ .g-i)) - ^93^ A ddu 

(6.6) , ,2 2 

= -tri?5 A i?5 - jtrFff A F^ - 1/2(|| c^i Ip + || c^2 II' J^|/2!. 

Proposition 15. There is no solution of Strominger's system on the torus bundle X over 
T^ if the metric is e^ujs + ^d A e. 

Proof. Wedging left-hand side of equation (|6.6|l by tj„ and integrating over X, we get 

{V^dde'' AuJs- ^9a(e-"tr(aB A dB* ■ g-^)) - ^OBu A ddu} A uj'^ 

(6-7) 'f 

{V^de" A ws - ^a(e~"tr(as A dB* ■ g-'^)) ~ —du A ddu} A 9^^ = 
X 2 2 

because duju = 9(e") A W5 + 20 A {loi - ^-1^2)- When 5 = T"*, i^T* = 0. Integrating both 
sides of (|6.6(l and applying H6.7|l . we get 



(6.8) 


1 


A-"^' 


Certainly 






(6.9) '. 


'/,'" 


^1 IlL 



1 /■ 9 „ ,,2 , W 



2 



tr^H A Fh A ^„ + - / (II ^1 11^, + II ^2 11^,)^ A ^„ = 0. 



On the other hand, it is weU-known that 

trP"^ 1 11 

^ = ;^c?(l^) - C2(T/) - -c?(l/) - -(2rc2(y) - (r - \)c\{y)\ 
Stt^ 2 2r 2r 

where r is a rank of the bundle Y and that 

(2r(c2(y) - (r - l)c?(y)) A c.„ = ^ | Fq P |f , 
where Fq = F/f — ifrF// • \dv. So 



o_2 , ,3 

trF^Ac.„ = |j-c?(F)-|Fop^. 



15 



Now according to equation (|2.2|) . Fh A w^ = and so ci{V) A cj^ = 0. Therefore ci{V) is 
an anti-self-dual (1, l)-form on X. Thus 

cl{V)Au;^^-\c,{V)\'^ 
and 

(6.10) 1^ trFf, A c... = -^ J^ I ci(V^) P f - /^ I ^0 P f < 0. 

Inserting H6.9|l and H().10|l into Ht).8|l . we get a contradiction. D 

This situation is different if the base is K3 surface. At first we observe 

Lemma 16. Let E be a stable vector bundle over S with degree with respective to the 
Calabi-Yau metric lus- Then V ~ n* E is also a stable vector bundle over X with degree 
with respective to Hermitian metric uju for any smooth function u on S . 

Proof. According to the Donaldson- Uhlenbeck-Yau theorem, there is an unique Hermitian- 
Yang-Mills metric H on E wp to constant. Since we assume that the degree of E is zero, 
the curvature Fh of H satisfies the equation 

Fh Aojs ^ 0. 

For the metric 7r*H on y = tt*E, the curvature 7r*(F/f) satisfies 

t:*Fh AujI^ tt*{Fh A lus) A {n* (e^^'ajs) + 7r*(e")6l A ^) = 0. 

So Tr*H is also the Hermitian- Yang-Mills metric on V — tt* E with degree 0. Thus V is 
a stable vector bundle over X with respective to the Hermitian metric a;„ for any smooth 
function u. D 

When we restrict ourselves to consider such a vector bundle {V — tt*E, tt* Fh) over X, we 
see that equation Ht).6|l on X can be considered as an equation on S. Integrating equation 
l|6.6|l over S, we get 



2 I II ,,,_ 112 n"^ 



LJS II ■^11 UJS ' Ql 



(6.11) a' / {tri?5 A i?s - trF^ A Fh} ^ 2 [ (|1 c^i 

Js Js 

As fg tiRs ARs^ 8tt^C2{V) = 8tt^ x 24, and /^ tiFn A Fh ^ 8n^ x {c2{E) - ^cl{E)) > 0, 
we can rewrite equation H6.11|l as 

(6.12) a'(24 - {C2{E) U{E))) = / (|| ^ ||^, + W ^ \\ls)4 



2 '' '" Js^" 2tt '"^^ " 27r '"^^^ 2! ' 
Using notations of section 1, above equation implies: 

(6.13) a'(24 - k{E)) + (q (^) + Q (g)) = 0. 
This equation implies that there is a smooth function fi such that 

(6.14) ^tri?5 ARs' a'trFn A Fh ~ i(|| c^i f + || C02 ||^J^ = -^^ 
and Jq f^-^ — 0. Inserting (|6.14|1 into (|6.6|) . we obtain the following equation: 

(6.15) V^dde'' A wg - y aa(e-"tr(aB A 95* • 5-I)) - ^ddu A 99u + /^^ = 

where /x is a smooth function satisfying the integrable condition J„/i = and tr{dB A 
dB* ■ g~^) is a smooth well-defined real (1, l)-form on S. In the next section we will use 
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the continuity method to solve equation Ht).15|l . We will prove that equation Ht).15|l has a 
smooth solution u. 

Theorem 17. Let S be a K3 surface with a Calabi-Yau metric tos- Let lui and lu2 be 
anti- self- dual (l,l)-/orms on S such that |^ € H'^{S,'E) and j^ G H'^{S,'Ii). Let X he a 
T^ -bundle over S constructed by uji and 102- Let E be a stable bundle over S with degree 0. 
Suppose that ui, 102 and k{E) satisfy the condition f6.iy\) . Then there exist a smooth func- 
tion u on S and a Hermitian-Yang-Mills metric H on E such that (V — -k* E, tt* Fh, X, aj„) 
is a solution of Strominger's system. 

Proof. Because we assume that _B is a stable bundle over S with degree with respective 
to the Calabi-Yau metric ujs, according to the Donaldson-Uhlcnbeck-Yau theorem, there is 
an unique Hermitian-Yang-Mills metric H on E up to constant such that the curvature Fh 
of metric H satisfies 

Fh° = F^/ = 0, FhAus^ 0. 

So we have 7r*F^' = '^*Fh ~ ^ ^^'^ according to Lemma [TCI we also have it* Fh I\u:\ — 
0. Now according to our assumption, (a;i,cj2,-E) satisfies the condition H6.13|l . and hence 
there is a function /i satisfying equation H().14|l . Then we solve equation (|(j.l5|l . According 
to Theorem 18 in the next section, there exists a smooth solution u of equation H().15|l . 
Combining equation Hti.l5|l with (|6.14|) . we know that u is the solution of equation (|6.t)|l . 
So {tt*Fh,uJu) satisfies equation H2.3|l . On the other hand, according to Lemma [T^ the 
metric w„ — e^uos + ^ ^ /\ on X satisfies equation (|2.4() . Thus we have proven that 
{V = TT* E, Tr*FH, X, llIu) satisfy all equations of Strominger's system. D 

7. Solving the equation 
In this section, we want to prove 

Theorem 18. The equation 

t t 2 

(7.1) x/^9(9e" hujs- %-dd{e-''ix{dB A dB* ■ g-^)) - ^OBu A ddu + ^^ = 

has a smooth solution u such that uj' — e^tos — -^^-^to'e~"tr(9i3 A dB* ■ g^^) + a' \/ —Iddu 
defines a Hermitian metric on S . 

Proof. We solve equation (|7.1|) by the continuity method. More precisely we introduce a 
parameter t g [0, 1] and consider the following equation 

(7.2) ^f^^^e^ A ws - tadd{e-''tr{dB A dB* ■ g-^)) - addu A ddu + i/it^|/2! = 0, 
where we have replace ^ by a. Let 

p = -V^ti{dB A dB* ■ g-^), 

then according to Lemma [TUl p is a well-defined real (1, l)-forni on S. We can rewrite the 
equation as 



(7.3) V^Sae" ALUS- taV^ddie''^ p) - addu A ddu + i^-^ = 0. 
We shall impose the following: 

(7.4) Elliptic condition : w' = e"ws -I- toe""p + 2a\/^ddu > 
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and 



/ i2 \ 4 /• , ,2 



(7.5) Normalization: f / 6"*"-^ ] ^ A, / 1-^ = 1. 

Let C'^'"° (S) be the space of functions whose fc-derivatives are Holder continuous with 
exponent < ao < 1. We consider the solution in the following space 

(7.6) BA^{ue C^'"°{S) I u satisfies the normalization (|73|l } 
and 

(7.7) BA,t — {u E Ba I u also satisfies the elliptic condition (|7.4|l l. 
Let 

(7.8) T = {s G [0, f] I for i G [0, s] equation (|7.3|l admits a solution in BA.t]- 

Obviously G T with a solution u = — hi A. Hence we need only to show that T is both 
closed and open in [0, 1]. This will imply that 1 G T and that our original equation has 
a solution in C^^"" . To see that the set T is open, we use the standard implicity function 
theorem. 

Let io G T and ut^ be a solution of equation (|7.3|) . Let -B[o,i] = {{t^ u) G [0, 1] x Ba \ u G 

BA,t}- Then S[o,i] is an open set of [0, 1] x Ba- Let Co'"°(S') = {V^ G C^^°"> \ /^ V-^ = 0}. 
We have a map: L : -B[o,i] ^ Cq'^°{S), 

(7.9) Z(i, u) = *u.s iV^dde" A c^s - \/^to9a(e^"p) - addu A ddu + tfiojl/2l). 

According to the definition of to, L{tQ,uto) = 0. The differential dL of L at Utg evaluated 
at (f is L{lp), where the linear operator L from C'^'°'"{S) to C'^'"°{S) is defined as: 

(7.10) L{ip) = *^3(\/^55(e"*0(/7) Aujs + V^ioa95(e-"'o ^p) - 2addut„ A ddip). 

So dL = L |t„^ Ba^ where T„,^Ba = {(ys e C2^"«(S') | / e"'^"'o¥3 = 0} is the tangent space of 
Ba at Utg. The principle part of the operator ^c^gi is 

(7.11) V^ddf A {e^'ocjs + toae-^'o p + 2a^/^ddut„). 
From the elliptic condition (|7.4|) . we get: 

(7.12) w^^, = e"'ot^ + toae-"*op + 2a\/^a9ut„ > 0. 
Wf can be taken as a Hermitian (not Kahler !) metric on S. Let 

(7.13) P^V^A^-^dd. 

Then P is an elliptic operator on S. Because Ut„ is a solution in C*^'"" and our /i and p are 
smooth, according to Schauder theory, utg is smooth. So the operator P is smooth and can 
be defined by 

(7.14) v/^a9VAc^;„=P(^X/2! 
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for any C^(5) function i/j on S. For any (t),ip & C^'"°(5, M), we compute 

ipy^^ddtp A (e"*ows + toae""'V + 2a\/^9autJ 
ipddi) A w^^ 

Thus using the CoroUary in page 227 of ^Hli we obtain 

ker L* = ker P = M 

and 

kerL = kerP* = {]R(/3o | '/'o is a nonzero function that has constant sign}. 
Now we are ready to prove dL is invertible. Because dL — L |t„ b^, we only need to 
prove L |t„ Ba- ^m* ^a — ^ C'q'°'°{S) is invertible. It is clearly that kerL n Tu^ Ba = 0. 
So dL — L \t^ Ba is injective. Next we prove that dL = L \t^ b^ is surjective. For any 

V' G Cq"''{S), we have ip _L kerL*. It is well known that there is a weak solution Lpi of 
linear elliptic equation L{(pi) = tp. The Schauder theory shows that ip e C'^'"°{S) when 

, then ipi + CQifo e T^t^BA and L{ipi + cofo) = V"- 



V- e C°'"o(5'). Take cq = - 



_ _/-=" 



Je" 



' t/30 



So dL = L It^ -Ba is surjective. Hence dL of L at Mt^ is invertible and L maps an open 



-lO.Qo 



neighborhood of (to,utp) in i?[o.i] to an open neighborhood of L(to,utg) in Cq' "(5). This 
proves the set T is open. 



It remains to prove that T is closed. Let p 



-pfjdzi A dzj, then we can write g'.^ as 



9i 



By directly computation, we get 



e"5- + toe "p-+4aM-. 



(7.15) 



det g'. 
det g,-. 



=6^" + 2ae" A w + tog'V*? + 2ta^e-''{^ 



^IdduAp,^) 



+ i2Q-2e"2« 



det p,-^ 
det 5- 



16a^ 



, det Ujj 
det 5^; 



We can rewrite equation (|7.3() as 
det u. 



8a 



det g,; 



= - e" A ^ 



2e" I V" P -iM - toe-"(\/^95u A p, -f ) 



2! 



(7.16) 



tae 



'(\/^9m a 9u a p, -^) - toe~"(\/^au Adp,^) 



2 2 

+ tae-"(x/^au A 9p, ^) + tae-'^iV^ddp, ^). 
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Then inserting H7.16|l into H7.15|l , we find the Monge- Ampere- type equation: 

det 5 - 



det(e"o,%; + toe "p»w+4au,H) 
(7.17) ^ ^'' ^ ^ ^'' ^ = ^t,„, 



where 

det gf^ 

2 2 

+ 2to2e-"(V^5u A au A p, ^) - 2to^e-"(%/^au A dp, ^) 

2 2 

+ 2to2e-"(V^5u A ap, ^) + 2to2e-"(^/^a5p, ^) - 2to/i. 

In particular, when L02 = nuji, 

Fun, =(e" + to/e-")2 - 2a(e" - to/e-") | V" ? 
- Ata^e''' Sju-sjf + 2to2e"" A / - 2to^. 

If tq is a sequence in T, then we have a sequence Uq G C^'"''(S') such that 
^7 l8^ det(e"^ff,j + t,ae-"v,j + 4a^^) 

Differentiating equation H7.18|l . we have 

(7.19) = - det re-^s^J + i^ae-^.J + 4a^^) • E ^f ^(^"'9^5 + i.^e^'p.j) 
d 

Proposition 24 ( and Proposition l20l221 for a special case UJ2 — nui) shows that the operator 
on the left-hand side of H7.19(l is uniformly elliptic. Proposition 25 (and Proposition [23 
for the special case) shows that the coefficients are Holder continuous with exponent a for 
any < ao < 1. The Schauder estimate then gives an estimate for the C^'"" -estimates 
of duq/dzk- Similarly we can find C^'"°-norm of duq/dzk- Therefore the sequence {uq] 
converges in the C^'^^-norm to a solution of the equation 



det(e"gjj -I- toae ^pfj + Aa 
det Q,-i 



= ^to, 



where to = limg^oo tq- Thus we find a C^'"°(5) solution u of equation H7.17|l . But equation 
1)7.17(1 is equivalent to equation (5.3). Hence T is closed. So there is a solution u of equation 
(EH) in C2'"o(5). Because our function fi and (1, l)-form -^/^tT{dBAdB* -g'^) is smooth, 
again by the Schauder theory, we get the smooth solution of equation H7.1|l . D 
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8. Zeroth order estimate 

From this section to the section [TTl we do a priori estimates of u up to the third order. 
We deal with the simpler case uj2 — nuJi, where toi is an anti-self-dual (1, l)-form on S. We 
let / = ^^^ II uji ll^g. Then the equation is 

det M,- 

A e" - to/e"" + 8a- ^ + t^i = 0, 

det g,j 

2 

where / and /u are smooth functions on S such that / > and Jg ^J■^ = 0. According to 

our assumption, u € C^'"''(S'). So by the Schauder theory, the solution u is smooth. We 

denote partial derivatives by Ujj — dfjU — ^-gr- If we replace taf by / and t/z by /i, then 

the equation can be written as 

det Ui-^ 

(8.1) A(e''-/e-")+8a- ^ + ^ = 0. 

det 5 - 

We impose the elliptic condition 

oj' ^ (e" + fe-'')ujs + 2aV^ddu > 

and the normalization condition 

(8.2, (//-*4)*^-' L4-'' 

In this section we prove that if A is small enough, then the solution u has an upper bound 
and a lower bound depending only on a, /, /i, Sobolev constant of metric ujs and A. In the 
next section, we shall prove that if A is small enough, then the determinant of uj' has a lower 
bound greater than and the metric ui' is uniformly positive. Let g' = '^Z g'.-.dzi A dz-^^ 
where 

We note that 

c^'2 det 5'. ^2 



2! detg.j 2! 
The matrix (g'*-') satisfies the equation 



Z^i" ^v fe- 



.g^'g^^si 



So 

111 _ ^22 112 ^ 921 121 ^ __9l2__ „' _ — ^11 

^ det 5',' ^ det 5'.' ^ det<?'.' ^^2 ^etg'.' 

•^ij -^ij ^ij ^ij 

Hence from the definition 17.14|l of the operator P, we have P{(p) = 2g'^^iffj. We apply 
equation H8.1|l to compute 

det q'.. .-. det q'-. 

detg^j detg^j 



(8.3) 



=2(.g225iiM + 5ii922U - 5^2^21" ^^ 521^12") ' (detg^j) ^ 



det u. 



«j 



^e^ + Ze-'') Aw + 16a- 

det 5jj 

= (e" + /e"") A M - 2 A (e" - /e"") - 2/i. 
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In the following, the volume form will be -^ unless it is clear from the context. We can use 
1)8. 3f) to compute 



(8.4) 



= e j e-^-{2g'^^d,ud-^u)'^ ^ k j e'^^ {2g'^^ d^ju)'^ 



r , Lu'^ r , det g'.-. J^ 



det gf. 2! 



= -k I e"''"(e" + /e"") Au + 2k f e^'^'" A (e" - /e"") + 2k f e"''"/^. 
On the other hand, we can also use H7.14|l to compute 



^(e"''")^ = V^ / 9a(e-'^'") A u' 



(8.5) 



=x/^ / aa(e-'=") A ((e" + fe-")ujs + 2aV^ddu) 

(e" + /g-") A (e-*^") 
= -k f e-'^"(e" + /e-") Au + k'^ f e^'="(e" + /e"") | \7u |^ 
where | V" P= '^g^^UiUj. Combing (|8.4|) and H8.5|) . 

fcy(e" + /e-")e-'="| V"l' 
>2 /" e-'^'" A (e" - /e"") + 2 /" e'''"fi 
-2 f e-'="(e" + /e"") Au + 2 f e-'''"(e" - /e"") | V" P 



(8.6) 



2 / g-C^+i)" A / + 4 / e-e^'+i)" V " • V/ + 2 / 6^*^^^^, 



where V" ' V/ = d^H'^if] + ^^j/i)- When fc > 2, we integrate by part and obtain 

2 /"e"'="(e" + /e-") Au 
(8.7) =2(fc - 1) /" e-(^-i)" I v^ P +2(fc + 1) / /g-C^+i)" | ^u p 



Inserting l|H7|l into (|H^ . 



fc / e-('^-i)" I V^ I' +fc / /e-('=+i)" I V" I 



<2(1 —) f e-C^+i)" A / - 2 

- ^ k + l'J ■' 
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6-'=^"^. 



Because / > 0, above inequality implies 

(8.8) k /e-(^-i'" I vw l'< Co I e-(^-+i)" + Co / 6"'=" 



where Co depends only on / (so also depends on a) and /i. In the following, Co may depend 
on a, f, /i and the Sobolev constant of S about the metric ujs- We use the constant Cq 
in the generic sense. So Co may mean different constants in different equations. Now from 
above inequality, if we replace k — 1 hy k, then when fc > 1, 

(8.9) / I V(e"")' l'< Cok / e-(^+2)« + Cofc /" e^^'^'+i)". 

We apply the Sobolev inequality 

II e-*" |U.< CodI e-^NU^ + II Ve-^NU^ 

— A Tn 1-Vio 

4— p 

(/(e-")'M ' <CoJ {e-^t + Co I \ V(e-")^ P 
Inserting H8.9|l into above inequality, we get 

^g-„)2fe\ ' < ^^ /(e-")^ + Cofc / (e~")'^+2 + Cofc / (e-")'=+i 



with r = T^ = 4. In the case p = 2, we have 



Because we have normalized the metric ujs such that /gl^ = 1, we apply the Holder 
inequality to above inequality to get 



(8.10) ijie-^rj < Co ( y (e-")"+^ 1 + Cofc ( ^ (e-")"+^ 1 + C^k j {e^^) 

Note that when fc = 2, above inequality has no use. This explains why we need the normal- 
ization (|8.2|l . In the following we assume that 

(8.11) (|(e-")^y=A<l, /^lf = l. 

There are two cases: 

Case (1): For any fc > 4, /(e"")'' < 1. Then l|^TT]|l implies 

k 

v-12) ( / (e-")''= y <Caki I (e-")'=+2 

Applying the Holder inequality, 

— U\k — 2\-r—n \ 11 { ( ^.~U\A 



(8.13) <( /((e-T-^)^j i^Ji{e-n') 

fc-2 

Inserting above inequality into (|8.12|) . we see 

(8.14) /(e-")2fc < Cofc'^ ( Ue-^f^ < Cofc^ f j {e-^f 
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Take fc = 2^^ for /3 > 2. Then /3 > 2 and rewrite l|H?Tljl as 

Iterating above inequality, we get 

1 



-u\i 



(8.15) [J^''> ) ^^o^Jie-n 

We fix the constant Co and denote it by Ci, which depends only on /, fi, a and the Sobolev 
constant of S with respective to the metric 0^5. Letting /3 — > c», we find 

(8.16) exp(-inf u) =|| e"" ||oo< CiA. 

Case(2). There is an integer k such that /(e^")*"' > 1. Let /cq be the first such an integer. 
According to the assumption (|8.11|) . fco > 4. Then for any A; > fcoi by the Holder inequality, 
we have /(e^")*^ > 1. For any k > ko > A, inequality H8.10|l and H8.13|l imply 

1 

u\2k \ ^ /^ u I /^^^A^^^ 



[e-^Y^ <Cok (e-") 



k-2 



<Cok U (e-")M U (e-")2'= 
We can see from above inequality: 

2 fc-2 

(g-«-)2fc < (j^f^2 f /"(e-«)M ' ' for fc > fco > 4. 



Using above inequality for k > kg and the inequality (|8.14|l for fc < fco, we can still get the 
estimate H8.16(l of inf u, because A'^ < A when A < 1 and a > 1. 

Next we estimate supg u. Similar to the way we estimate inf w, we compute J„ P(e^")^ 
by two methods and get 



(8.17) P / (e" + /e-")eP" | ^u \'> -2 / e^" A (e" - /e"") - 2 / e^"/!. 

Integrating by part, when p > 2, 



(8.18) 



gpn ^ (gU „ ^g-«-) 



=.(P+1)" I rr,, |2 _„ / ^(P-I)«f I vy„ |2 



P / e 



Vu P -p / e(P-i)"/ I vu P - 1 + / e(P-i'" A / 



1 



and when p — 1, 

(8.19) /e"A(e"-/e-") = - f e^^ \ ^u \' - ( f \sju\^ ~ I uAf. 



Inserting H8.18|l or (|8.19|) into H8.17|l . because / > 0, we get 

(8.20) p /"e(P+i)" I V"P<Co /e^" + Co /e^P^i)" for p > 2. 
When p — 1, 

(8.21) / e^" I V^t P< 2 /" e"/^ - 2 / w A / < Co /" e" + Co /" I w I 
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Remark 19. When t ~ 0, f and ii (actually actually taf and tfi) are equal to zero. From 
above inequality we have 



I e^" I V" P< 2 /" e"^ - 2 /" M A / = 0, 



which implies \ \/u p= 0. 5*0 when t — 0, there is an unique constant solution under the 
normalization and the elliptic condition. 

We choose A small enough such that 

(8.22) A < C^\ 
Then from g-^f" < CiA < 1, u > 0. !^1T^ implies 

(8.23) / I Ve"|'<C^o/'e" 
and l|8.2()|l implies 

(8.24) f I ve^" P< Cop /"e^" when p>3. 
Applying the Sobolov inequality and using (|8.23l) . 18.24f) . we obtain 

f /"(e")2p') ' <CqP f eP", for p>2. 

Take p = 2^5 for /3 > 1. Then 

lieY"<a2'^(^lieYy. 
Iterating above inequality and take the limit /3 -^- cxd, we get 



(8.25) exp(supu) < Co [ e^" 

Let / e" = Mu, then /(e" — M„) = 0. The Poincarc inequality and (|8.23|) imply 



.26) 

<Co I I V(e" - M„) \-'< Co I I Ve" |"< Co I e\ 



Let C/i = {a; e 5 I e-"(^) > ^} and U2 ^ {x e S \ e-"(=") < ^}. Then 



A^ = / e-4" = / e-4" + / e-4" 



< f 6--*'"^" + / {A/2)^ 

Jui JU2 

= e-^'^f^VoKC/i) + [Al2fNo\{U2) 

= [(e- '"f ")4 - (.1/2)4] y^j(f^^) ^ (^/2)4 . 

So 

yl4-(A/2)'^ A'*-(A/2)4 _ 2'*-l 

Vol(C/i) > (,-inf„)4_(^/2)4 > (c,Af {A/2Y (2Ci)4-l - "^0 > 0- 
Thus 

Vol(C/2) = 1 - Vol(C/i) < 1 - mo < 1. 
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Applying the Young inequality, the Holder inequality, and then using (|8.26|) . we find 

2 / » » \ 2 



Ul JU2 

(8.27) < fl + \] (J eA Vo\{Ui) + (1 + eo)Vol{U2) J e^" 

Take eo small enough such that 

(l + eo)(l-mo) <1. 
Then from l|07jl . 
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.„2S1 f / pM (l + 6o)(l-mo)Co /■ (^ + j) (J)' 

^'■''^ U J "l-(l + .o)(l-mo)y' +l-(l + eo)(f-mo)-'' 

which implies an upper bound of J e". Now the estimate of / e^" follows from H8.26|l and the 
estimate of supu then follows from H8.25|l . We summarize above discussion in the following 

Proposition 20. Let t e T and u is a solution of equation 1^8.1}} under the elliptic condition 

uj' = (e" + to/e~")a;s + 2a\J— Iddu > and and normalization (/ e^^") '^ = A and J 1-^ = 
1. If A < 1, then there is a constant Ci which depends on a, f, ^ and the Sobolev constant 
of COS such that 

infu> -ln(CiA). 

Moreover, if A is small enough such that A < {Ci)~^ , then there is an upper bound o/supg u 
which depends on a, f, fj,, the Sobolev constant of ujs and A. 

9. An estimate of the determinant 

In this section, we want to obtain a lower bound of the determinant, which is equal to 

det g'^ det u ^ 

F = '-^ =(e" + tafe-'^f + 2a(e" + to/e"") A u + IGa^ ^ 

det 5 - det 5 - 

(9.1) =(e" + tafe'^'f + 2a(e" + to/e"") A u - 2a(A(e" - to/e"") + tfi) 
=(e" + tafe-'^f - 2a(e^ - to/e"") | V" 1^ 

- Ata^e-'' Vu-Vf + ^ta^e-"" A / - 2ta/Lt. 
From (|9.1|l . we see 

(9.2) e-^^'F = 1 - 2ae^" | syu p +e-^''0{l), 
where 

(9.3) 0(1) = 2to/+i2a2/^e"2"+2toVe"" I V" P -Ata^e-''\ju-\jf+2ta'^e-''Af-2tafi. 
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Our elliptic condition is w' > 0, which is equivalent to F > 0. The first step is to derive an 
upper bound of | sju p. In the above section we have proven that e~'"^" < CiA and have 
assumed that CiA < 1. Applying this assumption, we estimate 

^-2up ^ ^ _ 2^g-« I ^y |2 ^g-2«Q(--^) 

<1 - 2ae-" I \/u p +{2ta^fe-^'^ + 2to2e"3«) | yu P 

+ e-2"{2to/ + t^a^fe-^" + 2ta^e-'' I \/f P +2ta2e"" A / - 2toAi} 
(9.4) 

<l-2a{l-to(l+sup/)e-2'nf"}e-" I yup 

+ e~2inf"{2asup/ + a2(sup/)2 + 2a2sup | y/ 1^ +20^ sup | A/ | +2asup | /i |} 

<1 - 2a{l - a(I + sup/)(CiA)2}e-" | V" I' +^2(^1^)2, 

where 

(9.5) C2 = 2asup/ + a2(sup/)2 + 2a2sup | y/ P +2a^sup | A/ | +2asup | /i | . 
Applying F > to (|9.4|) . we get 

(9.6) l-2a{l-a(l+sup/)(CiA)2}e-" | V" P +C2(CiA)2 > 0. 

If we take 

A<{2a(l + sup/)}-^Cr\ 
then 

(9.7) l-a(l + sup/)(CiA)2>l>0. 
Then from H9.6|l and H9.7|l . we can get 

2a • ^ a 

So I V"" P has an upper bound. In the following we want to prove that for any given 
constant n satisfying < k < 1, we can choose A small enough (depending on k) so that 
e~^"F(t, ■) > K. In the above section, we have seen that when t — 0, the equation has an 
unique solution u = — InA. So e^^"F(0, •) = 1. By the continuity assumption (|7.8|l . we 
only need to prove that there is not t — tg Q T such that inf (e~^"F(to, •)) = '^- If i^^t, there 
is a to G T and qi such that F{to, qi) = inf(e~^"F(<o, ■)) = ^- We fix this to and will get 
the contradiction if we choose A small enough. So when t = to, we assume 

(9.9) inf (e-2«F) = n. 
Applying (|9.9|) to (|9.4|l . we get 

(9.10) l-2a{l-a(l + sup/)(CiA)^}e-" | sjuf +C2{CiAf > k. 
Then JHiZIl and (I^TTIjl imply 



e-" I V" r< 

(9.11) 



2/ l-K + C2(CiA)2 



2a{l-a(l + sup/)(Ci^)2} 

1-K C2(Ci^)'^ + (1 - k)q(1 + sup /)(CiA)2 
2a "^ 2a{l-a(l+sup/)(CiA)2} 



<^+(^ + l + sup/)(CiA)2. 

We apply the maximum principle to the function 

(9.12) G = 1 - 2ae-" | V" P +2ae-"" - 2ae-^'"f", 
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where e is some constant satisfying < £ < 1 which will be determined later. Comparing 
G (|m^ to e-'^"F (123, we get 

(9.13) e"2"F -G^ e-^^'Oil) - 2ae-'^" + 206"'^''^^" 
and from inf (e~^"F) = k, we see 

(9.14) K - sup(e~2« I Q(^) I) _ 2ae-"'"f " < inf G < «; + sup(e-2'' | 0(1) |) + 2ae-"'"f". 
We can use 1)9.511 and (|9.8|l to estimate 

sup I 0(1) |<2asup/ + a2(sup/)2(Ciyl)2+2asup/{(l + C2)} 

+ 2a {(1 + G2)} + 2a\GiA) sup | y/ P 

+ 2a2(CiA)sup I A/ | +2qsup | fi \ 
<2asup/ + a2(sup/)2 + 2a(l + sup/)(l + C2) 

+ 2a^ sup I V/ P +2a^ sup | A/ | +2a sup | ^^ | 
<C2 + 2a(l + sup/)(l + C2). 



So 



(9.15) 



where 



sup(e-2" I 0(1) |) + 2ae-"'"f" 
<iCiAf{G2 + 2a(l + sup/)(l + C2)} + 2a(CiA)^ 
<2{C2 + 2a(l + sup/)}(CiA)^ 

=c'^iCiAr, 



G!^ ^ 2{C2 + 2a{l + sup f)} 
depends only on a, f and fi. Combining 1)9.14)1 and 1)9.15)1 . we get 

(9.16) K-G^^iCiAY < ini G < K + C'^iCiAY . 

Let G achieve the minimum at the point 52 G S. At the point q2, we apply 1)9.15)1 and ()9.16)) 
to ()9.13)l to estimate 

g-2«fe)_p(^2) =G(<72) + e-^''^-?^) 0(1) (92) - 2ae-^"(«^) + 2a-^'"f " 

(9.17) <infG + sup(e-2" | 0(1) |) + 2ae~'^'"f " 

<K + 2G^(GiA)^ 

We apply !^J^ to !^J^ to estimate 

e-"^«^^ I Vw I' (92) =(2a)-i{l - G(g2) + 2ae-""('?^) - 2ae-"'"f "} 

>(2ar^{l - inf G - 2ae-'''"f"} 

(9.18) "1 

>(2a)-i{l - K - G^(GiA)^ - 2a(GiA)'^} 

=(1 - A.)/(2a) - (1 + (2a)-iG^)(Gi^)^ 

Take 

G3 = max{a"iG2 + 1 + sup/, 2G2, 1 + (2a)"iG2}. 
Then (jHSJ) and l|nT7|) imply 

(9.19) K < e-'"('^)i^((72) < At + G3(GiA)"; 
(|^TT|) and iflTTHll imply 

(9.20) (1 - K)/{2a) - GsiGiAY < e-''^"?^) | v^ I' (92) < (1 - K)/{2a) + G^iGiAf . 
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We now compute P{G)F at the point (72- In the foUowing we replace to/ by / and t/i by 
/^. At the point (72, f^rom \jG{q2) ~ 0, we have 



(9.21) V(l V^P) = (I V«l'-£e(i--)")V' 

Because us is Kahler, we can choose the normal coordinate (21,22) at the point 52, i-e. 

azi ' dz2 



9ii = ^ij and d(7j^ = 0. At the same time , we can assume ^ 7^ and ^ — 0. Because m 



is real, we can further assume that -^ > and -p^ — 0. So at the point q2, ui = uj and 
(9.22) 2uiUi — 2uiui — 2mjmj =| V" P ■ 

If we assume 

then 

i-^ - C3(Ca)^ > 0. 
Za 

Hence H9.2n|l imphes | V" P> and l|9.21|l imphes 

.g 23) "11 + "II = "II + "" ^ (I V" I' -e^'""'")/2 

"12 +-"12 = W12 +WI2 = 0. 

From H8.3|l and (|9.1(l . we can see 

det u,5 



P(u)i^ =(e'" + /e"") A u + 16a 



det 5, 



y 



1 r det M ^ 

(9.24) =- (e" + ./e-")' + 2a(e" + /e-") A ^ + 16a^^^ 

- a^^e" + /e-'")2 - (e" + /e"") A u 
=a-^F - a-\e" + /e-")(e" + /e"" + a A u). 
We then compute 

P(2ae~"")F = - 2a£e"""F(M)F + 2ae^e-''' ■ {2g"'^u,Uj) ■ F 

= - 2a£e~""F(w)F + 2ae2e-^« . ^'11 I yit |2 .^ 
9.25) ' y I V I 

= - 2ee~^"F + 2ee-'^"(e" + fe-"){e" + /e"" + a A u) 

+ 2ae2e~"" | yu P (e" + /e~" + 4au22). 
Using H9.21|l . we derive 

P(-2ae-" I V" \^)F 
=2ae-" I V" P ^(w)F - 2ae-"P(| V" \^)F 

- 2ae~" I V" P ■2g''^u,u-jF 

(9.26) + 2ae-" • 25'^^^{a,u9j(| V" H + d-jud,{\ Sju p)} . P 

=2e-" I vw 1^ ^ - 2e-"(e" + /e"") | \ju \^ (e" + /e"" + a A u) 
+ {2ae-" I \/u 1^ -4aee-^" | V" P}(e" + /e"" + 4au22) 

- 2ae-"P(| vu l^)-F^- 
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Combining (|9.25|) and I9.26|l . we get 

P{G)F ==P(1 - 2ae-" | V" ? +2ae-'^" - 2ae-"'"f '')i^ 
={2e-" I V^i 1^ -2£e-^"}i^ 

(9.27) - {2e-"(e" + /e"") | V" I' -2ee-™(e" + /e-")}(e" + /e"" + a A m) 
+ {2ae~" I v^* I"* +(2ae2 - 4ae)e-™ | V^* P}(e" + /e~" + 4au22) 

- 2ae-"P(| vw 1^)^- 

We now compute the term 

(9.28) + -iag"-^ {ufkUkj + UikU^-j + 5i5j(g")-uiMi}F 

>4a5r'*^'{M,jfcUfc + u,-f^Uk}F + Aag"^ {uf^Ut,^}F 

+ 4ag'^^{uaUij}F + ^ag"^d,d-j{g^'^)uiu-^}F. 

We deal with the first term in 19.2811 by applying the definition of g'.-., 
Aag"'{u,jkUk + u,jj,Uk}F 



=4a{g'^jU22fc + ff22"iifc - 9'i2'^2ik - 52i"i2fc}"fc(detgjj)"^ 
+ 4a{gij'U22fc + 522'"iifc " .9i2'"2ifc - 52i'"i2fc}wfc(det5,j)^^ 

=4a(e" + /e-"){g*%,jfeMfe + g'^UffkUk} 

+ 16a2{wnU22fe + ^i22"iifc - "12^*21^ - '"2i'"i2fe}"fc(detg-)~i 

+ 16a2{MnM22fc + ^i22'"iife - Ml2W21fc " '"2l'"i2fe}wfc det^.j)^^ 

„ /detM,:;\ 
=2a e" + /e-" y Aw • V" + 16«' V tV^ ' V". 

V det g,j J 

Using the equation to the last term of above equality, we find 

Aag"^ {u.jkUf, + u^jf,Uk}F 
=2a(e" + /e^") \J Au ■ S/u - 2a SJ A(e" - /e"") ■ S/u - 2a SJ fi ■ S/u 
= - 2a(e" - /e-") | V" P Au - 2a(e" + /e"") | V" I"* 

- 2a(e" - /e"")v | V^t P • V ^^ - 4ae"" V (V^ • V/) ' V" 

+ 6ae-" I V" I' V^ • V/ - 2ae-" | v« I' A/ 

+ 2ae~" V A/ • V" - 2a V A* • V" - 2ae^"(V'" • V/) A u. 

From (|9.8|) . we see e~" | V^ P< C'4, where C4 only depends on a, f and /i and does not 
depend on A. In the following we use C4 in the generic sense. We have gotten | yw p< C4e". 
Our assumptions of A imphes e" > 1, | V" 1^ C^e'^. In the following we will deal with such 
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small terms. So we have 



(9.29) 



Aag"^ {ufjkUk + ucfkUk}F 
> - 2a(e" - /e~") | V" P Au - 2a(e" + /e-") | V" I* 

- 2a(e" - /e"")v I V^ P • V « - 4ae~" V (V" ' V/) ' V^ 

- C4e" - C4(e" + /e"" + a A u) 



Applying (|OS|l . we find 



(9.30) 



- 4ae"" V (V" ' V/) ' V" 
= - 4ae""{(M,/;j + u-J^)kUf, + {ujj + u-J^)j^Uk} 

= - 4:ae~"{u^kf-^Uk + UjkftUk + U^kk^k + UjkftUk} 

- 4ae""{M,/-j.Ufc + U-J^kUJ. + uJjf.Uk + u-J.^Uk} 

= - 4ae""{Mji/i + "ii/i + u-iift + Uiifijui 

- 2ae-"{/ii + /n + fu + fn} I V^ P 

> - 4ae~"{(Mji + Uii)fi + {u-ii + un)/i}Mi - C4, 

= - 4ae-" |i(| V" P -e(^-^'^)/i + ^(1 V" P -e^'^^nh \ u^ - C, 

> - C4e". 



Inserting <|9.3U|I into H9.29|l and applying H9.21|) . we find 



Aag"-' {ufjkUj. + Uff^Uk}F 

> - 2a(e" - /e-") | V" P Aw - 2a(e" + /e"") | V" 1^ 

- 2a(e« - /e-") | V" I' +2ae(e" - /e-«)e(i-^)" | V" P 

- Qe" - C4(e" + fe-" + aAu) 

> _ 2(e" - /e-") I V" I' (e" + /g-" + a A u) + 2(e" - /e-«)(e" + /g-") | V" P 

- 4ae" I V" 1^ +2ae(e" - fe-'')e^^-''>'' \ s/u 1^ 

- C4e" - C4(e" + /g-" + aAu) 

= - 2(e" - /e-") I V" I' (e" + /e"" + a A u) + 2 | V" P (^^ - 0(1)) 

- 2/2e-2n I ^y |2 +2a£(e" - /e-")e(i-")" | V^ |' 

- C4e" - C4(e" + fe-" + aAu) 

>2\\7u\^ F^ 2(e^ - /e~") | V" 1^ (e" + /e"" + a A u) 
+ 2aee(2"")" | V" P -C4e" - C4(e" + /e"" + a A m). 



(9.31) 
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Next we deal with the second term in (|9.28|l . We compute 

+ 16a^{uilU2kUk2 + U22UikUkl - Ui2U2kUkl - U2lUlfc'"fc2} 

(9.32) ^4c,(e" + /e-")(wn + W22)' - 8a(e" + /e-")(«ii«22 - "i2«2i) 

+ 16a^(uii + 'U22)('"ll"22 - Wl2"2l) 



=a(e" + fe-''){AuY ~ 8a(e" + /e"") ^ + Sa^ A u 



. det g,j J \ det g^j 

Using the equation, we have 

„ / det ^t,^; \ 

Vdetg.j; V J ; / 



(9.33) 



and 



(9.34) 



(9.35) 



= - a(e" + /e-")(Au)2 - a(e" - /e"") | yw P Au 

- a{2e"" V " ■ V/ - e"" A / + a/i} A u 

> - a(e" + /e-")(Au)2 - a(e" - /e"") | Sju p Au 

- C4e" - C4(e" + /e~" + a A u), 



det u,n 
-8a e" + /e-")- ^ 

= (e" + /e-") A (e- - /e"") + ^^(e" + /e"") 

= (e^ + /e-")2 A u + (e" + /e-")(e« - /e"") | V" P 

+ (e" + /e-"){2e-" y « ' V/ - e"" A / + ^} 
>(e" + /e-")2 A u + (e" + /e-")(e^ - /e"") | V" I' -CiC^- 



Inserting H9.33|l and (I9.34|) into (|9.32|) , we get the following estimate of the second term: 

> - a(e" - /e"") | V" P Au + (e^ + /e-")^ A u 

+ (e" + /e-")(e" - /e"") | V" P -C4e'* - C4(e" + /e"" + a A u) 

>{«-i(e- + /e-«)2 _ (e« _ /g-) | yu |2}(e" + /e"" + a A u) 
~ a-i(e" + /e-")3 + 2(e" + /e-")(e" - /e"") | y^ P 

- C4e" - C4(e" + /e-" + a A u) 
>{a-i(e" + /e-«)2 _ (e" - /e"") | V" l'}(e" + /£-" + a A w) 

- a-^(e + /e-")i^ - C4e" - C4(e" + /e"" + a A u). 
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Then we compute the third term in H9.28|l . By denoting a — i(| yu p — ee*^^ ^■'"), we can 
use (|9.23|l to prove 



=4Q:(e" + /e^" + 4q:u22)uiiUii ^ 16a^Mi2'"2iWii 
— 16a^U2iUiiUi2 + 4a(e" + /e^" + 4qui];)u2iUi2 

=4Q:(e" + /e"" + 4au22)(a - "ii)^ + 16a^Ui2U2i(a - "ii) x 2 
+ 4a(e" + /e"" + 4quij)-Ui2W2i 



(9.36) 



=4a(e" + /e"")a^ - 8aa(e" + /e")Mn + 4a(e" + /e-")w^j + 16a^a^M22 

+ 4a(e" + /e"" M12W21 + IGa^u^- ^ - 320^0- ^. 

det g- det g.-^ 



Using the equation again, we have 



det u -^ 

Wa^un- ^ = - 2auii{A(e" - /e"") + n} 

det gij 

= - 2auii(e" + /e-") A u - 2a(e" - /e"") | yw P Uil 
(9.37) -2a{2e-"vw-V/-e-"A/ + MKi 

> - 4a(e" + /e-")w2j - 4a(e" + /e-")7.n7/22 

- a(e" - /e-") | V^ I' Aw + 2a(e" - /e"") | v^ f "22 



and 



Hp-f -71 — 

-32a2a ^ =4aa{A(e" - /e"") + /x} 

det .g - 



(9.38) 



=4aa(e" + /e"") A u + 4aa(e" - /e"") | yw 1^ 

+ 4aa{2e-" y ^^ • V/ - e"" A / + A*} 

>8aa(e" + /e"")wii + 8aa(e" + /e"")M22 

+ 4aa(e" - /e~") | V" P -^46" 
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Inserting H9.37|l and (|9.38|) into ()9.36|) and simplifying, we get 



Aag'^-' UiiUYjF 



> - a(e" - /e^") | \/u p Au 

+ {Wa^a^ + 8aa(e" + /e~") + 2a(e" - /e~") | V" P}i*22 
+ 4Qa2(e" + /e-") + 4aa(e" - /e-") | V" P 

- 4a(e" + /e"")-^^ - 6*46" - C4(e" + /e"" + a A u) 

det g - 

>^(e" + /e-«)2 A « - a(e" - /g-") | yw I' Au 

+ {I6a^a^ + 8aa(e" + /e"") + 2a(e" - /e~") | sju \^}u22 
+ 4aa2(e" + /e"") + 4aa(e" - /e-") | V" P 

+ ^(e" + /e"")(e" ~ /e"") | V^ P -C4e" - ^4(5" + /e'" + a A tx) 

>iT-^(e" + /e"" + a A u) - -!-(e" + /e-")i^ - 2aF 
2a 2a 

+ {4aa2 + 2a(e" + /g-") + i(e" - fe-") \ X/u P}(e" + /e"" + 4aM22) 

- C4e" - C4(e" + /e-" + a A u) 

Now putting a = ^(l V" P — ee*-^^^^") into above inequality and simplifying, we conclude 
an estimate of the third term: 

Aag'^-'uiiUijF 

2a 

(9.39) + {ee(i~^)" - :^(e" + /e"")- | V" 1'}^ 

2a 

+ if I V" I' +a I V" I' -2a£e(i-^)" | V" I' -£e(2-^)"}(e" + /e"" + 4au22) 

- C4e" - C4(e" + /e"" + a A m). 
The last term of (|05|l is 

(9.40) 4a5'*j'%(5")uiMiF > -C4 | V" P (e" + /e"" + a A m) 

where C4 also depends on the curvature bound of the given metric LOg. Inserting (|9. 311 1^331 
10^ IOn|) into (|OS|) and simplifying, we get 

aP{\ \ju Hf 

>{| Vu I' -T^e" + £e(i-")"}F + 2a£e(2-^)" | yu P 
2a 

(9.41) + {-^F + -(e" + /e-«)2 - 3(e" - /g-") | V" l'}(e" + /e"" + a A w) 

2a a 

+ {^e" I V" I' +a I V" 1^ -2a£e(i-^)" | yw I' -£e('-^^"}(e" + /e"" + 4au22) 

- C4e" - C4e"(e" + /e"" + a A m). 
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In order to get above inequality, we have used e "F < 6*46" . Then inserting H9.41|l into 
ll07|) . we find finally 

(9.42) 

P(G)F <{-- Aee-'^^jF - Aaee^^''^ I V" ? +Ci 
a 

- {-e-^'F - 2£e(i-'^)" - CAie'' + /e"" + a A u) 

a 

- {3 I V" ? -2ee(i-^)" - 2ae^e~^'' \ \ju p}(e" + /e~" + ^^22) 

<-F - 2ee-^"F - 2ee(2-^)« + C4 
a 

- {^e-F - 2se(-^)" - C^}^" + ^^"" + '""^^ 

a 2 

_ {ie-F - 6£e(i-^)" + 6 I V« I' -^ae\~'- \ y^ P -C4} '" ^ ^'"! ^ ^""^' ■ 
a 2 

ai = -F - 2ee-''"F - 2ee(2-^)" + C4 
a 

(9.43) 02 = -e-"F - 2£e(^-'^)" - C4 

a 

ag = -e-"F - eee'^-'^'" + 6 I V" P -4ae2e-'^" I xju P -C4. 
a 



Let 



Because at the point 92, P{G)F > 0. Then (|0^ implies 

(9.44) ai>a2 has . 

We fix K such that < k < 1. We choose e > satisfying 



(9.4b) 






e < min|l,a '',{2a} ' 


Then 








3 - 2a£2 > 


and 








3 

-K-6e> 0. 
a 










We assume 








(9.46) 






A 


O4 


Then k, 


e and A 


satisfy 


3 

— K - 

a 


- 6£ - C4C1A > 0, 



We find 

02 >e"{-e-2"F - 2£e-"" - C4e""} 
a 

>e"{-K - 2£(CiA)^ - C4C1A} 
a 

>e"{-K-6£-C4CiA}>0 
a 
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and 

03 >e"{-K - 6e(Ciyl)'' - dCiA} + 2\\/u\^ (3- 2ae^(CiAY) 
a 

>e"{-K - 6e - C4C1A} + 2 I vw P (3 - 2ae^) > 0. 
a 



Applying arithmetic-geometric inequality to (|9.44|) . we find 
(9.47) 



fll > 0,2 h 03- 



(9.48) 



2 " 2 

>a2a3(e" + /e"" + 4Mn)(e" + /e-" + 4aM22) 
>a2a3F. 

Using H9.2|) . we can write a3 as 

03 =-e-"i^ + 6 I V" P -6ee(i-^)" - 4ae2e-'^" | xju p -C4 
a 

= -e" - 6£e(i-^)" - 4ae2e-^" I yu P -e-"0(l) - C4. 
a 

Inserting H9.43|l and (|9.48() into (|9.47() and simplifying , we can get 

a a 

(9.49) >.^ee-="F(e2"-F) 

a 

= -ee-'^"F(2ae" I V" P -0(1)) 
a 

>12ee(i"^)" I V"P^-C4e^", 

where C4 may be bigger than C4 and we shall denote it by C4. Dividing H9.51|l by 

4£e~'^"e^"F, we get 

(9.50) 

-EM -{2-e)u 

ee— (e-2"F) + e-^^ + 3e(e-" | V" P)(e-2"F) + C4^^3iiiy ^ 3(e-' | y^^ H- 
Using the inequalities H9.19|l and (|9.20() to two sides of above inequality, we obtain 

p-eu -(2-e)u 

,e— (e-2"F) + e-3^ + 3e(e-" | V« ^le"^"^) + ^4^^^^^ 
<e(CiA)^(K + C3(CiA)^) + £.^^li^ 



eK 



(9.51) + 3e(^ + C3(Ci^)^) (^i^ + C,{C,aA + C4- 

< Ue + eC3 + - + 3eKC3 + Se^^Ca + 3eC| + — 1 {CiAy + ^{1-k) 
I K 2a en ] 2a 

< (1 + - + e f 1 + 3« + ;^ + 3C3) 6*3 + —1 {CiAf + ^(1 - n) 
[^ K \ 2a J en } 2a 

and 

(9.52) 3(e-" I vw H > |-(1 - «) - 3C3(Ci^)^ 

2a 
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Applying (|!rn|) and ifH^^ to (|^3n|) . we see 

l + - + 3C3+e(l + 3K+^+ 3C3) C3 + — 1 {CiAY > jL(i _ k)(i _ ^k) 
K y 2a J EK j 2a 

So at last we get at the point (tg, 92), 



(9-53) A>{ ,^ , ^ ,_ , ..^\. . 3 ^J^r^^cw^ .^J ^f^- 



J^jl - ^){1 - en) 

Now it is easy to prove the following 

Proposition 21. Let < G T and u is a solution of equation IS.l]) under the elliptic condition 

.12 
(e" + tafe~'^)ujs + 2a^/ —Iddu > and the normalization (J e~ ) " = A and / 1^ = 1- 

Given any constant k, G (0, 1), we fix some positive constant e satisfying 
(9.54) £ < min{l,a"5^ (2a)"^K}. 

Suppose that A satisfies 



(9.55) 
and 



A < min i 1, CrM2a(l + sup/)}-^Cr\ (^) ' CTS ^^^i"' 



/ ^(1-k)(1-£k) \ = 

9.56 A < -^ j^^ '^ '- p^— Cf \ 

where Ci is determined in above section and depends on a, f and jjl, and also depends on 
the Sobolev constant; C3 and d are determined in above discussion and depend on a, f, fj,, 
and Ca also depends the curvature bound oftus- Then F > Ke^" > k{CiA)~'^ . 

Proof. When t — 0, the equation has an unique solution u = — In A and so e~^"i^(0, •) = 1. 
According to our continuity assumption, we claim that for any t G T, e~^"i^(i, •) > k. 
Otherwise if there is a tg G T such that the equation has a solution u and inf (e^^"F) = k. 
Fix this to s-nd 3'Pply the maximum principle to the function G = 1 — 2ae^" \ \/u p 
+2ae~^" — 2Q;e~^'"^". Let G achieve the minimum at the point (72- Then at point (72, 
P{G)F > 0. From above discussion, we have gotten the inequality (|9.53f) at point ^2 under 
assumptions (|9.54() and (|9.55() . which contradicts to the assumption H9.56|l . So e~^"i^ > k 
and then F > kg^" > k{CiA)-'^. D 

10. Second order estimate 

We now consider the second order a priori estimate of u. Since we have proved F > 
k{CiA)-^ > 0, e" + /e"" + aAu>F^ > k^ (Ci A)"^ > 0. It is sufficient to have an upper 
estimate of e" + /e^" + aAu. We fix some point and choose the normal coordinate (zi, Z2) 
at this point for the given metric (/jj, i.e., at this point, g^j = Sij and dg^j = 0. We replace 
to/ by / and tfi by /i. We can rewrite the equation as 

det g'. 

(10.1) TT^ = ^' 

det gij 

where 

F^{e" + fe-''f - 2a(e" - /e"") | V" ? ~4ae-" V u ' V/ + 2ae-" A / - 2a^i. 
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Differentiating H1U.1|I . we have 

We differentiate H1(J.2|I again to obtain 

-dq'-dg'-. - d^g'- 

dz; dZk OZkOZi 

dz; dzk dzkdzi F dzkdzi F^ dzk dzi ' 

dzidzjdzkdzi dzi dzk dzkdzi 

(10.3) „»a- P7 %-? ^ff'J I .fi ^^g»J 

dz; dzfe azkOzi 

1 a^F 1 dFdF 



or 



-F dzfcSz; F2 dzk dzi ' 

Contracting (|10.3|l with g^^ and using the fact that the metric 0^5 is Ricci-flat and the 
coordinate is normal, we have 



dzidzj \ dzkOziJ dzi dzk dzkdzi 

ki 1 d^F ,r 1 dF dF 

+ 9 — - 9 — 

F dzkdzi F2 dzk dzi 



dzidzj dzkdzi 
Timing F to above equation, we see 

aP{t,u)F = - 2-1 A (e" + /e-") J] .g'" • F + Aag'^Hg%^ ■ u,r F 
^^0 4) + 2-1 A F - (2F)-i I VF P +/'3"'5'^^^5:jfe4r • F 



(e" + /e-" + a A m) A (e" + /e-") + 4ag'*^(.g'='),j • u^;- • F 
2-1 A F - (2F)-i I v^ P +5''ff'''5'^^^5:7fe5' -r ' F- 



We shall apply the maximum principle to the function 

g-Am+A^lv"!' . (e" + /£-" + aAu), 

where Ai and A2 are some positive constants which will be determined later. By computa- 
tion, 

p(g-Aiu+A2|vu|=^ • (e" + /e-" + aAu))- e-(-^i"+^2lv"l') 
= (e" + /e-" + a A u) • (-AiF(7.) + AaPd V^ H) 
(10.5) + F(e" + /e-'" + a A li) 

+ (e" + /e-" + a A m). I y\~\iu + A2 | V^ P) Ig' 
+ 2 v' (-Aiu + A2 I V" n -9' V'(e" + /e-" + a A u), 
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where we denote 2g''^^ipi^j by | Sj'ip |g, and g''-^ {ij^np-j +^pj(pi) by vV 's' VV- Applying the 
Schwarz' inequaUty to the last term of (|10.5|) . we have 



(10.6) 



2 v' (-Aiu + A2 I vw n -9' V'(e" + /e-" + a A u) 

> - 2 I v'(-Aiu + A2 I V^i I') I9' ■ I V'(e" + /e-" + a A w) |, 

> - (e" + /e-" + a A 7.) I v'(-Aiw + A2 | V^ I') ^ 



- (e" + /e-" + a A m)-i | v'(e" + /e"" + a A w) 1^, . 
Inserting pu.6|l into pu.5|l . we have 

p(g-Ai«+A2|v"l' . (e" + /e-« + a A u)) • g-^-^i^+^^IV"!') 

>(e" + /e-" + a A u) . (-AiP(«) + A2P(| V" H) 
+ P(e" + /e"" + a A u) 
- (e" + /e-" + a A w)-i | v'(e" + /e"" + a A m) 1^, . 

In computing the last term of Hl().7|l . we assume that g^j = Sij and Mjj ~ UijSij at a point. 
Then using the method of j2()j . we find 

(e" + /e-" + a A u)-i | v'(e" + /e"" + a A u) 1^, 
= (e" + /e"" + a A u)"! • 2g''^e'' + /e"" + a A u)i{e'' + /e"" + a A u)^ 



= ^(e" + /e- + a A u)-i ^ /" ( ^ .g,,,; ) ( J] 



_ 5/H 

fe / \ I 






i k I 

Em fkk ' I 
9 9 9kM9kki- 



ik 

Note that when i ^ k, 

(10-9) 9kU = 9kk + (e" + /e-"). - [(e" + fe-n9dk = S^.^ + (e" + /e^"), 

and 



(10-10) 5Ls = 9kk + (e" + /e-")j - [(e" + /e-")ff,4 ^ g'^ + (e« + /e-),. 
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Inserting lfTin!|l and (|10.1l)|l into (jTITHIl . we see 

(e" + /e-" + a A u)'^ \ v'(e" + /e^" + a A w) 1^, 

+ .g'".9'''(.9'i22(e" + /e~")i + 52i2(e" + /e-")i) 

+ 5'"5"'{(e" + /e-")i(e" + /e-«)i + (e" + /e-")2(e" + /e-")^) 

+ g'"5"'(322i(e" + /e'")i + 522i(e" + /e-")i) 
+ g'"5"'(3;i2(e" + /e-")2 + .9;i2(e" + /e-")2) 
- 5'"5"'{(e" + /e-")i(e" + /e-«)i + (e" + /e-")2(e" + /e-")^) 

<9 9 9i-kk9kik 

+ (g'''522i)(5'"(e^ + /e-")i) + (5''^522i)(5'"(e" + /e^")i) 
+ (5'"5;i2)(5"'(e^ + /e-")2) + (5'"5;i2)(5"'(e" + fe~-h). 
By the Schwarz inequality, we can estimate 

(e" + /e-" + a A u)-^ \ v'(e" + /e"" + a A w) 1^, 
<5'S"^^5:s.5k + 9"'9"'9',,,9',,i + ^'h"h\^Al'^ 



(10.11) 



< 



Ivi Jkk J J I /-( /„'ll„'ll I „/22„/22\ 



/V'^'ff.'s.skj + C^5(.9'"5'" + .9'^V^^) 
<9'-9"'S\k,9'k^^cfi^ 

<ff'"5"'ff:s,5;^ + G5(e" + /e- + a A u)^, 

where C5 is some constant. In this section we will use the constant C5 in the generic 
sense which depends on /, a, /^, the curvature bound of the metric losi f^nd u up to first 
order derivation. It can also depend on the lower bound of F as we have proven that 
F > Ke^" > k{CiA)~^ . Note when we assume that g^j = 6ij and Mjj = Uf^Sij, the last term 
of ((Tin|l is g'"g"='=g^^^.g^... Multiplying (jTUTI) by F and then inserting (P^ and (|10.11|) 
into it, we obtain 

p(-g-Ai«+A2|v"l' . (e" + /e-" + a A u)) • e-(--^i"+^2lV"l') . i^ 
> - Ai(e" + /e"" + a A w)P(u) • i^ 
+ A2(e" + /e-" + a A m)P(| V" I') • F 
- (e" + /e-" + a A 7.) A (e" + /g-") + Aa9''Hg%^u^i ■ F 
+ 2-^ AF- {2F)-^ I v^ P +F(e" + /e"") • P 
-C5(e" + /e-" + aAu)2. 
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(10.12) 



We assume that e ^i"+-''2lv"l (g" + fe '"" + a A u) achieve the maximum at the point q^. 
Taking the normal coordinate (zi, Z2) at the point q^ with respect to the given metric ujs, we 
estimate every term in (110.1211 . At the point 93, v{e'~^'"+-^"'^"''^ -(e^ + Ze^^ + aA^i)} = 0. 
We can get 

(10.13) V A 7^ = a-i(e" + /e"" + a A u)(Ai V ^ - A2V I V" P) - ""' V (e" + /e""). 

At first we derive some inequahties which wiU be used to estimate terms in H10.12|l . Using 
the equation we compute 

=4a {u-^i + U22 + 2M12W21) 
=Aa {uii + U22) —8a detUjj 

(10.14) =a^{Au)^+aA{e''-fe-^)+an 

<(e" + /e~" + a A m)2 - 2a(e" + /e"") A u 

- (e" + /e-")2 + a(e" + /e"") A u + C5 
= (e" + /e-" + a A u)2 - (e" + /e-")(e" + /e"" + a A u) + C5 
<(e" + /e-" + aAM)2+C5. 



Let 



r = 4g^g'''u,,kU,i 



where indices preceded by a comma, e.g., u^ik indicate covariant differentiation with respect 
to the given metric ujs- At the point gs, we use the normal coordinate. Therefore at 53, 
u,ik = Uik and ujj — uji (see p. 345 of PHl paper or the next section). Hence F = AutkUj^ = 
4:J2ik I "*fe 1^- ^^ ^^^ ^^^ inequahty (|10.14|) to estimate 

\V\VU \'\'^2gPH\ vu \\{\ Vu P), 
(^Q ^5) ^2gPH2g^'^u.u-M2g'''ukUi), 

=8{uipUi + UiUip){ukpUk + UkUkp) 

^o[UipUkpU^Uk + UipUj^pU^Uk + UjpUkpUiUk + UipUkpUiUk)- 

As was done in above section, we take the normal coordinate at the point q^ such that 
Ml = uj and 1*2 = ^2 = 0- Then applying the Schwarz inequality and p0.14|) to (|10.15ll . we 
get 

I V I V" PP=4(uipUip + uipUip + uipUip + uipUip) I V" P 
<4(| uip p + I uip p + I uip p + I uip n I sju p 
=8(1 uip |2 + I uip |2) I vw I' 
<2 I vw P {r + a-'(e" + /e-" + a A w)^} + C5. 



(10.16) 



So, 

(10.17) I V I V^ n< \/2 I V" I {r^ + a^i(e" + /e"" + a A u)} + C5. 
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(10.18) 



We also need to estimate 

I V(Vu • V/) l'=2g'"?(v« • V/)p(V« • V/),- 

^2gP'^{g^^uJj + ujf,))j, ■ (g^'Hukfi + u^g 

=2(mjp/- + ujjp + u-^pf, + u-J,p)iukpfk + Ukfkp + uj^pfk + Uj^fkp) 

=2[UipUkpfifk + uipU^.pjifk + UipU^pfijk + uipUkpfifk) 

+ '^{UipJiUkJkp + UkpfkU^Jip + UipJjUj,Jkp + UkpJkUiJip) 
+ '^'{uipfiUkf-kp + UkpfkU-Jip + UlpJiU-kfkp + UkpfkUifip) 

+ 2{uiUkhpfkp + UiUkfjpfkp + u-Ukftpfkp + uju-kJipfkp). 

Changing the indices i and k in sonic terms and then applying the Schwarz inequality, we 
can get 

I V(VU • V/) f^^U^pUkpfif-k + U-kpUipf.Jk) 

+ {UipUkpfjfk + UkpUjpfkfi) + {ujpUkpfifk + UipUkpfkh) 
+ '^iUipUkfifkp + UjpUkfkpfi + UipUkfkpfi + UlpUkfkpJi) 

+ 2{uipUkfkpft + u^pUkfkpf-i + uipUkfkpIi + UipUkhph) + C's 
<C^{2 I Uip II Ukp I + I Uip II Ukp \ + \uip II Ukp I) 
+ Cz{\ Uip I + I Uip I) + C5 

<C5(|u.p|' + |ufcp|') + C5 

<C^T + C5(e" + /e-" + a A u)^ + C5. 
Then, 

(10.19) I v(l V" • V/) l< CsF^ + C5(e" + /e-" + a A 7.) + C5. 

Applying (|10.14|l , (|10.13|) and pU.17|l , we can estimate 
A I V" \'^2g^(2g'''ukUi),- 

^'ig''^ g^\ufjkUi + UkU0 + Uiku-fi ^ u^iUk-j) + 'ig''\g^'-)qUkUi 
^2g'''{{2g'^u,^)kUi + {2g'^u,j)iUk} + Ag'^ g""' u^Ukj + Ag'^ g'^' u^kUyl 
<2 V Au • vu + r + a"2(e" + /e"'" + a A m)^ + C5 
=2a-i(e" + /e-" + a A u){Xi \ yu ^ -A2V | V" P ' V ") 

- 2a-i V (e" + /e^") • V" + T + a"'(e" + /e"" + a A w)^ + C5 
<2a-i I V" ? Ai(e" + /e"" + a A m) 

+ 2a-iA2(e" + /e"" + a A u) | V I V" |'| • I V" I 
+ r + a-2(e" + /e-" + a A u)^ + C5 
< |a~2 ^ 2V2a-2 | y„ |2 ;^2| (^n ^ j^-u + ce A li)2 

+ 2V2a-i I \ju p A2(e" + /e"" + a A M)r^ + T 
+ C5Ai(e" + /e-" + a A u) + C5 
<(C5A^ + C5A2 + C'5)(e" + /e-" + a A m)^ + 2r 
+ C5Ai(e" + /e-" + a A u) + C5. 
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(10.20) 



For the same reason we can also estimate 

A(vw ■ V/) =2(uJ| + u-J,)k-k + 2{g'^)k-kiujj + ujfi) 

+ '^{u^khk + ■uiklfk) + C5 
< V At. • V/ + 2 I w.fe P +2 I u^k I' +^5 
<a-i(e" + /e-" + a A u){Xi V " ' V/ - A2V I V^ I' ' V /) 

+ 2-^T + (2a2)-i(e" + /e"" + a A u)^ + C5 
<r + {C5XI + C5A2 + C5)(e" + /e-" + a A m)2 

+ C5Ai(e" + /e-" + a A w) + C5. 

We now deal with every term in H10.12() . For the first term, we use (|9.14ll to obtain 

- Ai(e" + /e-" + a A u)P{u)F 
= - Ai(e" + /e-" + a A w)(a-ii^ - ^-^(e" + /e-")(e" + /e"'' + a A w)) 
>a-iAi(e" + /e-")(e" + /e"" + a A u)2 - C5Ai(e" + /e-" + a A w) 
>(aCiA)^iAi(e" + /e"" + a A m)^ - CgAiCe" + /e"" + a A w). 

Next we deal with the second term X^ie^ + /e^" + a A w)P(| V" P)-^'- 

^(1 Vw ?)F ^^9'"Hu,jf,u-k + Uff^Uk + Uf^Uk-j + u,kU-kj)F + Ag"^g''^),jUkUiF 

>45"''(w»Jfc"fc + u,-fkUk)F + 4g"^u,kUkjF - Cgle" + /e"" + a A u). 
From (I9.29|) . wc know 

4g"^("^Jfc"fc+"^JfeWfc)-F 

> - 2(e" - /e-")v I Vw I' • V ^ - 4e"" V (V" • V/) ' V« 
(10.24) _C5(e" + /e-" + aAw)-C5 



> - C5 I V I V" rl • I V« I -C5 I V(V" • V/) I • I V 



u 



-C5(e" + /e-" + aAw)-C5. 
Applying (|10.17|l and p0.19|) . we get 

(10.25) 4/^^(u,jfcWfc + ^,jfcUfc)P > -CsF^ - C5(e" + /e"" + a A u) - C5 
Inserting H10.24() into H10.23I) . we obtain 

A2(e" + /e-" + a A u)P(| V" 1')^^ 
>A2(e" + /e-" + a A u)(4/^^7.,fc7.s^.)P 

- C75A2(e" + /e-" + a A u)V^ - CsHe"" + /e"" + a A uf 

(10.26) -C5A2(e" + /e-" + aAu) 
>A2(e" + /e-" + a A u)(45''j'u,fcWfc,^)P 

- F - CsCA^ + A2)(e" + /e-" + a A m)^ 

-C5A2(e" + /e-" + aAu). 
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We assume that g^:; = Sij and Uf^ = Uf^Sij at the point q-^. Then 

A2(e" + /e-" + a A u){4g"'^u,kUkj)F 
=4\2F ■ /"(e'' + /e-" + a A u){u,kUrk) 

>2X2Fu^kU-k- > -X2Fr 

>l(CiAy^KX2r. 

Inserting H1Q.27(I into H1Q.26(I , we find an estimate of the second term in (|10.12|) 

A2(e" + /e-" + a A u)P{\ \ju \^)F 
(10.28) > {2-\CiA)-'^n\2 - l) T - C,,{\1 + A2)(e" + /e"" + al\uf 

-C5A2(e" + /e-" + aAu). 

The third term is 

-- (e" + /e-" + a A u) A (e" + /e"") 

> ' "■ " "' . ».- . 

> - C5(e" + /e-" + a A u)2 - Cgle" + /e"" + a A u) 
and the forth term is 

^ag"Hg%^u^lF 

=4a (ff'n(ff'=')22 + 522(.9")ii ^ 5;2(5'')2i " ff2i(/')i2) ^fez 
(10.30) _ Aj w 

+ 16a2 (uii(/')22 + M22(5''')ll - ^tl2(3''')21 " "2l(/')l2) "fef 

> - 64a2 max | i^.j^;- 1 ^ | u,j p 

> - C5(e" + /e-" + aAuf- C5, 

where C5 depends the curvature of cjg. Next we deal with the fifth term. From the definition 

of F, we have 

(10.31) 

2-1 A F =2-1 A {(e" + /e-")^ - 2a[(e" - /e"") | ^u p -2ae-" V ^^ ' V/ + "e"" A f - fi]} 

= - a(e" - /e-")A | V" I' +2^-" A {x/u ■ y/) 

- a V (e" - /e-") • V I V^ P -2a-" V ^^ ' V(V^i ' V/) 

-C75(e" + /e-" + aAu)-C5 
= - C5 I A I v^ PI -C5 I A(v^i • V/) I -C5 I V I V" n -C5 I V(V« • V/) I 



^ - (e" + /e-" + a A M){(e" ~ /e"") A u + C5} 
(10.29) 

^ - a-i(e" - /e-")(e" + /e-" + a A m)2 - C5(e" + /e"" + a A m) 



We note that the inequahties (|10.2U|I and H1U.21|) are also true for | A | sju p| and | 

A(vw • v/) I- Applying mrM . mTm . mm and mrm . we get 

2-1 A F > - CsF - (C5XI + C5X2 + C5)(e'" + /e"" + aAu)^ 
(10.32) 

- (C5A1 + C5)(e" + /e-" + a A 7.) ~ C5. 

We also observe that 

VF = -C5V I Vu P -C5 V (V" • V/) - C5 V u - Cs- 
Then applying the Schwarz inequality, 

-(2F)-i I s^F |2> - Cs I V I V^ PP -C^5 I V I V" n • I V(V^ • V/) I 

-C5lv(v"-v/)P-C5lvlv"n 

-C5|V(V"-V/)|-C5. 
Then applying p().16|l - Hl().19(l . we can get 

(10.33) -(2F)-i I v^P>-C'5r-C5(e" + /e-'' + aA'u)2-C5(e" + /e^" + aAM)-C5. 
The last term is 

P{e" + fe-'')F =(e" - fe-")P{u)F + (e" + /e"") • 2g'''^UiUjF 

(10.34) - e-« . 2g''HuJj + u,V.)^ + e-"P(/)F 

> - C5(e" + /e-" + aAu)-C5. 

Inserting fTTT^. mT^. (fTTT^. fTTOm . (fTTO^ . pTOa and CUSl into mi^. at last 
we get 

p(g-Ai«+A2|v«P . (e« + /e"" + a A u))F ■ e-(-^i«+^2lv«l') 

> {(aCiA)-iAi - C5(A2 + A2 + 1)} (e" + /e-'' + a A «)2 
(10.35) 

- {C5A1 + C5A2 + CsXe" + ./e-" + a A «) 

+ (2-1(CiA)-2kA2 - C5)r - Csr^ - C5. 

Fix the constant C5. Take A2 big enough such that 

2-\CiA)-^kX2~C5>0 

and then take Ai big enough such that 

(aCiA)-iAi - C^iXJ + A2 + 1) > 0. 

Fix Ai and A2. Then we can now estimate e^'^i"+'*'2l^"l (e" + /e^" + a A u). In fact, it 
must achieve its maximum at some point q^ so the right-hand side of (|10.35() is non-positive. 
At this point, 

> {(aCiA-^Ai - CsiXl + A2 + 1)} (e" + /e"" + a A u)^ 

- {C5A1 + C5A2 + CsKe" + /e-" + aAu) 
+ {2-\CiA)-\X2 - C5)r ~ CsF^ ~ C5 

>{iaCiA)-'Xi - Cr.iXl + X2 + 1)} (e'' + /e"" + a A w)^ 

- C^iXi +X2 + l)(e" + /e-" + a A u) 



4(2-i(CiA)-2kA2-C5) 
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C. 



Hence (e" + fe " + a A u){q3) has an upper bound Cg depending on a, /, /i, the curvature 
bound of metric ujs, A. Since e^^i'^+^^lvul (g« _|_ /e^" + a A u) achieves its maximum at 
the point q^, we get the estimate 

aTi-n(p-^i''^+^2\\7^\'^\ p-Ai inf M+A2 suplyl^ 

(e" + /e-" + a A u) < C^ ^l^^^l^^-^^ < C^^ . 

As I V'" P has the upper bound (7.8), we get an upper bound of e" + /e^" + a A u. In 
conclusion, we have proved the following 

2 
Proposition 22. Lef S be a K3 surface with Calabi-Yau metric lus such that J„ l-^f — 1. 

Let u G C^{S) be the solution of the equation A(e" — ia/e^") + Set , . '! + t/i = which 

satisfies the condition (e" + tafe^'")uJs + 2a^/—lddu > and (L e""'") " = A << 1 (see 
i|ff. 55|] and \9.56]) ). Then e" + tafe^" + a A u has an upper bound depending only on a, 
f , fi, UJS and A. Moreover, combing with the Proposition \21\ e" + tafe~" + 4,au^j, for 
i = 1,2, have the positive lower and upper bounds depending only on a, f, pi, us (both 
Sobolev constant and curvature bound) and A. 

11. Third order estimate 



In this section we use indices to denote partial derivatives, e.g., ut — diu = ^, u. 



ij 



dfjU — a a- . ■ Indices preceded by a comma, e.g., u^ik indicate covariant differentiation 
with respect to the given metric ojs- Let 



r 



f^g^^u^,ku-fi 



S = g'^^g"^'g'^\,^^u^-i, 

^ ~ 9 9 9 9 ^,ilpr^,jkqs 
^ — 9999 ^,ilps^,jkqr- 

We shall apply the maximum principle to the function 

(11.1) (A3 + a A u)Q + A4(m + a A M)r + A5 | y^* P T + \qT, 

where all A^ for i = 3, 4, 5, 6 are positive constants and will be determined later; m is a 
fixed constant such that m + aAu>0. At first we assume that A3 + a A m > 1. We 
shall use Cg as a constant in generic sense which depends only on a, /, fi, los and u up 
to the second order derivations. Let the function (|11.1() achieve the maximum at a point 
54 € S. Before computing Pf (lll.l|) ') at 54, we need to derive some relations between partial 
derivatives and covariant differentiations. Pick a normal coordinate at q^ such that g^j — Sij, 
dgfj/dzk = dg^j/dzk = 0. Then at (74, we have 

"^jijk "^ijk^ ^,ijk '^ijkJ ^ ,ijk ^ijk^ '^,ijk '^ijk 
^feU'",u) = '^,ijkh 



We also have 
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Now we compute every term in Pf (|11.1|) ). 

(11.2) > Ag'^^g'-^uasuj^ + u^^suj + UiUjs^} - C'e 

> miT - Cg ^ I u^i^s \\uj \ -Cq 

> miT - CeOs - Cg. 

Since Proposition 1221 shows that the metric uj' is uniformly equivalent to cj^, we see that 
such an mi > exists. Next we estimate P{a A u). From pu.4|l we know 

(11.3) aP(Au) > g*^^5"V^5^^.4j + (2^)-^ A P - (2^^)-! | ^p ^ -Cg. 
We compute 

9 9 9 9s^i9pqj 

>g^'^g'SPg"i^AaUs^di^aUpgj) 

(11.4) + 9"^9"^9'H{{e'' + fe-^)g,p)-{Aaus^{) + (4ati^pj((e" + fe-^)gs^),)} 
>l&a^g^g"Pg"i^u,,^,u^j,g- _ Cg ^ | (e" + /e-«)j || u^^, \ 

>TO2e-C6e5. 

From (|10.31|) . 

(11.5) AF > -Ce ^ I u,fcH II «J I -Cer - Ce > -CgO^ - CeF - Cg. 
Inserting lfm|l . ((TT3|) and pu.33|) into lfTO|l . we get 

(11.6) P{a A u) > 77126 - CgGs - CgF - Cg > 77126 - CgF - Cg, 
where we have used 7712 in the generic sense. We also calculate: 

F(r) = 2g'^^dsd^T 

> '29'^^9'^9''^{{u,rk)^6Uji+u^,k{ujT)s^} 

+ 2g'''^g'^g'''{{u^,k)5iuji)^ + (77,^)^(77 j;),} ~ QF 
= '^9'^'^ 9'^ 9''' {'u,ik^5Uji + u^ikUjis^ + u^iksuji^ + u^ik^ujis} - CqT 
= '29'^^9'^9'''{'u,iksuji^ + u^ik^suji+u^ikujig^} 
^^^■^^ + 2g"''g^^g'^\u,^k + u,Rtu,){n.^si + n,%^ ~ C,T 

> 2g'^"<g'^g''\u^,ksu-fi^ + u^^kUjSi) 

- CeXld ^'^'=75 II "Jf I + I ".^7fc II ^sRlk-i I) - e'er 

> mgS + 77738 - C^mV^- - CgF 

> T^aS + 77738 - eiAfT^* - CeAger^r. 
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Combining (|11.2|) and H11.7|l . we find 
P{\Vu\'T) 

= p(| v« nr+ I v« I' ^(r) 

> miT^ - CeO^r - C6T+ \ \/u p (mgS + mgO - Cg^^F^ - CeT) 

~ Ceiri + i)(e^r^ + s^r^ + r^) 

Combining (|11.()|) and pi.7|l . we get 

P((m + a Au)r) 
= P{a Au)T+{m + aA u)P{T) + 2ag'^"'{dsiAu)djT + dj{Au)dsr} 
(11.9) > {m2& - CgT - C6)T + (to + a A u)(m3S + tosG - Ce^^T^ - CeT) 

> m2er - CgF^ - eiA4 1$ - C6A4er^r - CgS - CgO. 

Now we deal with 

P((A3 + a A u)e) = P(A3 + a A M)e + (A3 + a A u)P{e) 
(11.10) 

^ ^ +2a5"^''{aA-(Au)9^e + a^(Au)a5e}. 

Applying (|11.6|) . we get 

(11.11) P(A3 + a A u)e > TOaG^ - CeFG - CeG. 

Let (A3 + a A u)Q + A4(to, + a A u)T + A5 | sju p F + AgF achieve the maximum at the 
point 94. Then at the point 54, we have, 

5^8 = ^--—{Qd^ia Au) + X^d^dm + a A m)F) + A55^(| V" P H + Ag&F} 

A3 + a A M 



and 



2ag'^^{ds{X3 + a A w)a^e + 9^(A3 + a A u)dsQ} 

= ^^-^Re g'^"'{Au)s{a{Au)^e + aXiiAu)^T + Agd yw \%^ 

X3 + a Au 

+ [Xiim + a A It) + A5 I V" P +A6]F^} 

(11-12) -Cr 1^1 3 

A3 + a A u 

+ (A4 + As + A6)(e^ + S5 + r5)r5} 

> , 7'^'a {Q' + (^4 + As + A6)(eF + e + F + S) + AsF^} - Cg. 
A3 + a A u 
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Inserting Hll.ll|) and (|11.12|l into H11.10|l . and then combing (|11.7|) - (|11.1U|I . we obtain 



P((A3 +aAu)Q + A4(to + a A u)r + A5 | V" T T + XeV) 

>(A3 + a A u)P{e) + (m2 - , '^\ } 6^ 
1^ A3 + a A w J 

+ {X4m2 -Ce~ , ,^' (A4 + As + Xe)] QT 
I A3 + a A u J 

, CeXz ^ \ 1 T-2 

^s^ii - 1 — ; 7 CeM > T 

A3 + a A w J 

I ] \ ^ M I \ ^ C6(A4 + A5 + Ae) 

+ i Xem3~ C6(A4 + As) - 



(11.13) 



A3 + a A u 



where C7 depends also on Xi and ei at point 54. At last we can estimate P(©). We follow 

paper [5^1 to obtain: 

(11.14) 

=2g'^^ [ 2g"''g"'Pg"^''g"^g"''^ + 2g"P g"^"" g"'^ g"'' g"'' 
+ 2g''Pg"^''g"''g"''^g"'* + 2g''P g'"'' g"'^ g"""" g""^ 

+ 9''''g""^g"^9"'h"'' + g'"^ g""" a'^^ 9"^^ 9'^^ 

+ 9'''' 9"^ 9"^"" 9""^ 9'^"- + 5''*'5"^5"'^5"'°5'^*] 
X dsgba9-fgpqU^i-j,,u^fst (first class) 

- 2g'^'^[2g''Pg"^''g"'^g"'*+g"^g"Pg"''^g"'^] 

X [d^gpgU^qk5U,fsi + dsg'qpU^rsi^u^i-jk] (second class) 

- 2g'^'^[2g''Pg"J''g"'^g"'*+g"^g"'Pg"''^g"'*] 

X [d^gpgU^,-jkU,fsi5 + dsgqpU^i-jk^u^fei] (third class) 

- 2g"''[2g'^Pg"^'g'^^g"^'+g'''g'^Pg"''^g"''] x dsd^g'^^u^.j.u,,, (forth class) 
+ 2^^"<g'"'g"'^g'^^ x [u^.jfe^^w.rsf + u,ijk-^,fsU^\ (fifth class) 

+ 2g'^'^ g"-'' g'"^ g""* x [u^jjfe;^u,fst5 + w,jjfc5",rst7] (sixth class) 



where when we use normal coordinate so that at this point we have dau ^j^. — u fj^.^ and 
dadpUfj^. — u^ijfc^Q + u^iskR-a^- Comparing with (A. 8) in [2S|, we should deal with first 
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five classes in (|11.14|l . The first class is: 

+ ARe{g"^g'^'^g"^^g"i'g'^h'^\{e^ + fe'^s ■ i^aup,^)u,rjkU,,si)} 
+ 2g"''g'"^g"^^g'^'g'^^g"'H{e'' + /e-")5(e" + fe--)^u,^^u,,,) 

+ 4Re{5'^^5"'5'°V5'^^'5"'((e" + fe'^s ■ {^aup,^)u^,^^u^,,i)} 
>2g"^g'^-^g'^Pg"^'g'^'^g"'\Aau,-as){Aaup,^)u^,j^u,,,-, 

- e2/12(A3 + a A u)-^Q^ - Cgea^^Ag + a A M)e. 
The second class is: 

- 2g'^"'g''Pg"^^g"''g"'*{d^g'pgU^,-jksU^fsi + dsg'qpU^fsiyU^.jk} 

,,^^,, = -4Re{5'^^5"^"5'«'^g'^^^g"=*9^((e" + fe-^)gp, + 4aUp,)u.,jfe,M,,,} 

(11.16) _ _ 

> -2g'^'i g'^P g"i'' g"'^ g""^ {{4.au^pq^)u,fjksu^f,t + {4.au^qps)uf,^u^fjk} 

- ei/3(A3 + a A uy^^ - C'eiXs +aA u)e:[^e. 
The third class is: 

- 2g'^"' g''P g"^'' g"^ g'^^ {dsg'qpUfjk^u^fsi + d^g'qpU^i-^kU.fsts} 

(11.17) > -2g"^g''^g"''g'''^g"^'{{^au.qps)u^em^^,,i + {Aau.pq^)u,jkU,,,u} 

~ ei/3(A3 + a A u)'^^ - C6(A3 + a A u)el^Q. 
Next we deal with the forth class. By 1)10. 3|l . 

~2g''^g'^^g"^^g'^'^g"^^d,d^g'^qU^^^u,,,l 

> - 2g"^g''^"i'g''h"^\^au-^,pq)u^c,un^,si " CgG 

(11.18) ____-- 

> - 2g"-^g'^-^g'^^g"i^g'^^g"''dpgL^dqg',^u^^^^n,,,^ - C^Q 

- 2g'^^g"i'g'^h'^' {P-'Fqp - P-^F^Fp] u^^^^. 
Then from 1)11. 4|l . pi. 5(1 and Hl().35|l . we can see 

~2g"^ g'^^"i' g'^"^ g"^^d,d^g'^qU^^^^u^,,l 
>-2g'^^g"^'g'^'^g'^'g"--g"^^Aau-a,p){Aau,^q)u^,jkU^,,i 

(11.19) - CgOi - Cger^ - Cere - Cee 

> - 2g''^g"''g''^g'^'g"--g''^Aau-abp){Aau5^q)u^,jkU^,,i 

- Cger - m2/24(A3 + a A uj-^Q"^ - C6(A3 + a A u)e - CeF. 
Now we deal with the fifth term. By direct calculation, we have 

u,i]k-,s = ufjj,^s + u,pjsR^ik^ + u^,pkR^^-g - Up-^dsdjigP'Okgis) - Up-^^dsigP'Okgis). 
So the fifth class can be expressed 

g'^tg'->'''g'^lg"'^{uf^k^^U^fst + U^qkU^fsiS-i} 



(11.20) 
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>9''^^ g'""^ g"^ g'^^iu^-jk^su^rsi + w^.j^u^^^^^} - CeB. 



Differentiating H1U.3|I . we can get 



iag^'^us^fjk =^ag'^'^ g"^'^ g'qpkUsm-j + {g'^^g"^'^ gL-.g's-ti)k 



(11-21) + 5"^"5'^5U((e" + fe-'^)gs^\j ~ g^Hie^ + fe--)gs^).,j^ 



F-^E^k - F-\FkFf^ + FFjk + FjFk 



2F-^FF-,Fk. 



Inserting H11.2HI into H11.20(l . we get 
(11.22) 

g'^^ g"'' g"'^ g"'Hu,ijkj5u,rst + UA]kU,fsiSj} 
>g"'g"''g"''g"^g"'HggpkU5^^]n,si + g'gpi^js,su^,-,k} - C,Q 
+ i^ar'g'''g''''g"'{{g"^g"'''g',^jg's^,)ku,si + ig"''g"'''g'p,,g's^r)iUf,k} 

+ 2(4a)-iRe{5'-V^J^5"=*(F-iF,jfe - F-\F,-Fj, + F,F-^, + F-F,k) + 2F-^F,F-^F^)u,,,^}. 



We observe 

/ir fsj fki /Sv /Q'T r / , / i 

g g g g g {gqpkUs^iju^fsi + gqpiUjSrsu^i-jk} 

>g''''g''^ g'''*g'^^g'''^{{4=au^qpk)u^s;^fju^f,i + {Aau^pgt)u,j5rsU,fjk} 
(11-23) ~ ^6 X! I '^.s-yij II u^fst I -Ce ^ I u^gpk II u^fsi I -Ce ^ | u^^si I 

>g"''g"^g"'*g^^g"^'^{{4:Su^gpk)us^fjU^fst + (4au,pqt)u,^5fsu,jjfe} 

and 



(11.24) 



i'ia)-'g'''g''h'''{ig''^g''^gpqPs,^)kUrsi+ig''''g''^g'pgJs^r)iu^,^ 
>{^a)-'g'''g'''g''''g'''g''H{gpqJkg5,^ + gpqJg5,.k)u,st 

' (gpqsigSjr ' gpqsgSjrt)^,ijkf 



ygbakgpqjgS^i'^^fst + gabtgpqsgS^r'^,tjk) 



>g"''g"''g'^ g ^g"^'^{[u.pq-jk{^au^s-ii) + {'^a.u.pg-)u^s-iik\u.fsi 

+ [(w.pgst(4aM,57r) + {^UU ^pqs)u ^s^^j\u fj^} 

- g'''^g"'^g""Hg'^''g'^^g"'^ + ff"'^ff''°5"''^} 

■ {(4au,bafe)(4au_pqj)u,5^iM^pst + (4au,a(,t)(4aM_5^r)u,p9sW,ijfe} 

- CgOi - Ce^^el - Ce^^e^ - CqQ - Ce. 



Then we estimate 
(11.25) 

iAa)-'Re{g''^g'''^g"'\F~'F,jk - F-^F.jF, + F,Fj, + FjF.k) + 2F-^F,FjFk)u,,i} 
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Inserting H11.23|) - (|11.25() into (|11.22|l . we get 

f5^ fir /sj /kt f I T 

9 9 9 9 {u,ijk^su,fst + u^i-j^uj-sts^i 

+ g''''g"'g"'*9'^^g"'^{[u.,pqjk{4=au^sji) + {4:au,pgj)u^sjik]u^fst 
(11.26) 



+ [u,pqsii^aU^S^r) + i4:au^pqs)u.5^ri\u^i-jk} 



- g'''^g"h"''{9'^''9"'^g"'^ + g"'^"g''°ff"'^} 

• {{4:aU^bak){4=aUpqj)u^Sri'^^fsi + (4aU,a6t)(4aM,5T,r)u,259sU,iJfe} 

- ei/2(A3 + a A u)-\<P + *) - Cee^\X3 + aAu)e 

- m2/16(A3 + a A u)-^<$p- - C^-,{\z + a A u)e - C^QV - CeF^ 

Inserting (|11.15|I - H11.17|I . H11.19() and H11.26() into (|11.14() . diagonalizing and simplifying, 

then comparing to (A. 8) and (A. 9) in [221, we obtain 

(11.27) 

P(e) > 5]/"5'^^^5"'5"'x I u^^ - ^aY^u,pkU-^^-,g'-^^ \^ 

V 

- T ;— f 2ei$ + 2ei^ + (ea + ^)e^| - CeOr - CyO - G^Y 

As + aAuL 4 J 

= E-9'"5'^^^5"'.9"'x I v/l-2ei(A3 + aAu)-X,^,,- 

- 4a (Vl-2ei(A3 + aA7.)-i)'' ^ u.pfeUjpsg'^P" j^ 

+ E5'"9"'5"'5"'x I Vl-5ei(A3+aAu)-i«,,^,, 

- 4a ( ^1 - 5ei(A3 + a A u)"M ^(wip^Wpjfe + WipfeMpji)^'^^ P 



A3 + a A u \A3 + aAu A3 + aAu — 5ei^ 

> — ^$ - Ceer - Car^ - f fHZi±fl + ^_^!^^ ) e^ _ c,(e + r). 

A3 + aAu \A3+aAu A3 + aAu — 5ei/ 

Inserting pi.27|) into pi.l3|) . at last we obtain 

P((A3 + a A u)e + A4(m + a A u)r + A5 | V" P T + \V) 
"^2 Ce ^ A3 + a A M ) ^2 



> i "^2 - — - - £2 - T — \ T Ceei- — ■ \ e 

1^ 4 A3 + q;Am As + aAu — oei J 

/^^ 28) + 1 ■^''™2 - Ce - ^ I aAu ^^^ + A5 + As) - C6(A3 + a A u) I er 

^5"n - , ^'^' - C6A4 - C6(A3 + a A ti)l r2 
A3 + a A u J 

+ \ \,m, C,{\, + A5) - ga(A4 + A5 + A6) | ^ _ ^^q _ ^^^ _ ^^^ 

A3 + a A u J 
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Note the generic constant Cg does not depend on e^ and A^. So we can fix it, because we 
can take the biggest one. Fix ei and £2 such that €2 + SCgei < ^. Take A3 big enough 
such that , f» < ^ and , i^+"^" < 2, then 

11.29 }m2-^-t2- . ^\ -C,e. 2 A ^ ^ > ^^ ' 

[ 4 Aa + aAii As+aAu — 5ei J 4 

Let 

A, = - — ' ■ for i = 4, 5, 6. 

A3 + a A M 

We choose A4, A5 and Ae such that 

A5>^A4 + ^ + l 

and 

A6>C6^i±^ + l. 
7713 

Then if we take A3 big enough such that 

TOi(A3 + a A u) — C6(A4 + A5 + Ae) — Cg > TOi, for i = 1,2,3, 
we can estimate 

|A4m2 - Ce - , ^\ (A4 + As + Ag) - C6(A3 + aAu)\ QT 

(11.30) I A3+QAM J 

>{™2(A3 + a A u) - C6(A4 + As + \&) - Cgjer > m2QT- 

(Asmi ~ ^'\ - C6A4 - C6(A3 + a A u)l F^ 

(11.31) I A3 + aAw J 



> {mi (A3 + a A m) - CgAslr-^ > miT 



and 



, m3A6 - - — , ^. (A4 + As + Ag)- C6(A4 + As) ^^ 
(11.32) I A3 + q;Am J 

> {nT-3(A3 + a A u) - C6(A4 + As + Ae)}^ > 77135. 

Inserting pi.29|) . I11.30|l - I11.32|) into (9.28), we see that 

> P((A3 + a A u)e + A4(r77 + a A u)r + As | V" P T + AeH 

> ^e^ + mser + mir^ + 7773s - CrQ - CtF - Cj. 

Above inequahty gives an estimate of the the quantity sup^ Q and sup^ T. This in turn 
gives the estimates of uq). and uij for all i, j, k. 

2 
Proposition 23. Let ujs be a given Calabi-Yau metric on a K3 surface with Ja 1^ = 1- 

Let i G T and u G C^{S) is a solution of the equation A(e" — to/e^") + 8a , , 'f + t/i = 

under the elliptic condition lo' = (e" +ia/e^")ti;5 + 2a^J ~\ddu > a77(i t/7e normalization 

[jg e"''") '' = A << 1 (see \9. 55]) and 1.9.56)) ). T/ieri iftere is oti estimate of the derivatives 
Uj^jf. in terms of a, f , [i, los and A. 
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12. Estimates for the general case 
In general case, the equation is 



OJt 



Idde^ ALUS- tadd{e'''tv{dB A dB* ■ g-^)) - addu A ddu + t^i^ = 0. 



Let 



p = -V^tv{dB A dB* ■ g-^), 



then p is a well-defined real (1, l)-form on S. We replace tap by p and tp by p. Then we 
can rewrite the equation as 



w| 



/^a9e" A CJ5 - \/^99(e-"p) - addu A ddu + p^ = 0. 



The elliptic condition is 



w' = e"ws + e""/9 + 2aV^aau > 0. 



If we let p = ^^^-^^pfjdzi A dzj, then 5^, — e'^g^j + e ^pfj + Aaufj. Using the definition of P 
and the equation, we compute 



//(.-'-)^>-^-/.-p(.4 



IS ^- Js 

-ku 



Ik I e-'^'^ddu A {e^LUs + e-^p + 2aV^ddu) 

s 



k / e-C^-i)" Au- 
Js 



Ifc / e-^^+^'>dduAp + 2k / e"''" A e" 



2fcV-l / e-*"9a(e-"p) + 2/c / e^*"^ 



k / e-C^-i)" Au + 2k g-f*^-!)" I vu P +\/^fc / e-f'^+i'^aau A p 



-2V^fc / g-f'^+i^^au A 9u A /9 + 2V^fc / e-C^+i^^auA^p 



2^/^/c / e-^''+^'>''duAdp-2V^k / e-('=+i)"aap + 2A: / e' -/^. 



-ku , 



On the other hand, we can also compute 



P{e' )^T- = V^ / dde-^"" A uj' 
s 2! Jg 



-1 / 9^6-'^" A (e"tjs + e-"p + 2V^aa9?i) 



-Ifc / e-e^+i^^a^uAp + A/^fc^ / e-(*=+i)"auAauAp. 
54 



Combing above two inequalities, we get 



k I e-^'^-i)" I vw P 



>2 / e-C^^i)" A u + 2 / e-C'^-i)" | V" P +2V^ / e-(''^+i'"9au A p 

J S ^ S "^ o 

- 2^/^ I e-^^+^^^'du AduAp + 2yf~^ f e-^''+^^''du A dp 

J s Js 

- 2\/^ / e-^^+^^'^Bu A dp- 2^J~^ f e'^^+^^ddp + 2 / e^'^'^/i. 

^ S ^ S " s 

Integrating by part and then simplifying it, when A: > 2, we get 



(12.1) 



k / g-e^'-i)" I V" P +\f^k / e-^^^+^>du AduAp 
Js Js 

<2x/^(l - -^^) / e-^^+^^'^ddp + 2k f e-'^^/x- 



1 + fc 75 
Using the notation in section 3, we have 

p = - ^/^tT{^B A dB* ■ g~^) 

dfi 



and 



Itrl ^- )A (a/i 5/2) 






Tg'^^-^dz.Adzi 

ozi dzk 



Idu Adu A p 
detg^^ 1^ dzidzi dzi dz2 dz2 dzi dz2 dz2 ) 2! 



f df^ 9h \ ( 9fi dh 
A( ,,, ,. "> I dzi dzi I ^ I dzi dzi 

-4( ui U2 j • I a/j_ dh j 9 \ dh dh 

\ dz2 dz2 I \ dz2 dz2 



u-2 J 2! ■ 



So 



Then H12.1|l imphes the inequahty H8.8|l in section 6: 



Ifc / e~^''+^'>''duAduAp>0. 



k I e 
Is 



-(fc-i) 



Vu|'<2\/^(1- 



1 + fc 



,-(fc+i)t 



ddp + 2 I e-^^'p 



<Co I e 

Is 



-ik+i)i 



Co I e 
Is 



-ku 



We follow the discussion in section 6 to get the estimate inf w > — In(CiA). If A is small 
enough, we can get inf w big enough. Then we can check all other estimates can be derived 
using the same method because the term e" can always control terms such as e^" | ir{dB A 
dB* -5) |. Thus we get 

Proposition 24. Proposition 20, 21, 22 are also true for the equation of general case: 



(12.2) V^Sae" A Us- taddie-^tridB A dB* ■ g-^)) - addu A ddu + tp^ = 



55 



if we replace f by —\/—ltr{dB A dB* ■ g ^). 

Proposition 25. Proposition 23 is also true for the equation 1^12. JJ^) . 

13. Further remark-generalization 

Let X be a (n+l)-diniensional complex manifold with Hermitian metric uj and a nowhere 
vanishing holomorphic (n+1, 0)-form Q,. As we state in the introduction, the string theorists 
consider the following Strominger's system: 

(13.1) Fh a c^" = 0; F^-° = F^"/ = 0; 

(13.2) ^/^ddLo= —{trRAR-irFH AFh); 

(13.3) d*uj = ^/^{d-d)\u\\n\\^. 
The third equation is equivalent to 

(13.4) d(|| fi||^c^") = 0. 

Let n > 2. Motivated by the constructions in section 2 nd 4, we propose to study the 
following system 

(13.5) FhMo-^^ 0; F^/ = F^'^ = 0; 

(13.6) <; ^f^^^0J - ^(tri? A i? - trF^ AFh)) A w""^ = 0; 

(13.7) d{\\ n \C^ cc;") = 0. 

Then we can generalize our construction to complex manifolds with dim > 3. Let ii' be a 
Calabi-Yau n-fold with a Ricci-flat metric lok and a nowhere vanishing holomorphic (n, 0)- 
form D,K- Let loi,0J2 be a primitive harmonic (l,l)-forms such that 57,^ € H^'^{K,'Z). 
Using these two forms, we can construct an (n + 1)— dimensional complex manifold X: 

1. TT : X ^ K is a T^-fibration over K. If we write locally oji — dai and uj2 — da2 for real 
1-forms ai and 02, then there is a coordinate that x and y of fiber T^ such that dx + \/~ldy 
is a holomorphic 1-form on T^-fibcrs and dx + ai and dy + a2 are globally defined 1-forms 
onX. 

2. Let 

9 = {dx + ai) + V^idy + 02) 
and let 

Then O defines a nowhere vanishing holomorphic (n + 1, 0)-form on X. 

3. Let u G C'^{K) function on K and 

(13.8) LJu = e"cjA' + ^^^0 A e. 

Then (f2,a;„) satisfies equation (|13.7|l . 
As in section 4, we have 



O 11^, = 



^0 
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and 

Then 



4 + \/^rie("-i)"u;]^-"i A 6i A i 



= \/^riw^"^^(A(tJi + V^tJa) A ^ + 6* A (wi - V^tJa)) = 0, 

as u)i,uJ2 are primitive (1, l)-fornis on K. So {Q,lUu) satisfies equation (|13.7|l . 

As (jJi,uj2 are harmonic, we can find (1, 0)-forms ^i — J2'^=i ^udzi and S,2 = J2^=i ^2idzi, 
locally where S,u and ^2i are smooth complex function on some open set of K, such that 
wi = 9^1 and 102 = 9^2- Let 

0j=Cii + 6j; for j = l,2,---n, 

and let 

Let _R„ be the curvature of Hcrmitian connection of metric lJu of the holomorphic tangent 
bundle T' X and Rk be the curvature of metric ujk- Then in section 3, we have 

tri?„ A i?„ = tri?K ^RK + 2dd{e-''dB AdB* ■g-^) + nddu A ddu, 

where g is the Calabi-Yau metric associated to Kahler form ajf^. Let E be the stable vector 
bundle over {K,ujk) with degree zero. According to the Uhlenbeck-Yau theorem, there is a 
unique Hcrmitian- Yang-Mills metric H up to constants. Hence 

{ti*E,ti*H,X,lOu) 

satisfies the equation 1)13. 5|l and 1)13. 7|l . So we only need to consider equation (|13.6)l . which 
can be decomposed to the following two equations 

(13.9) ^^11^ I (\\u,\\l^ + \\u:2\\l,)^ + ^ f ir{FHAFH-RKrsRK)Au^T'^^ 
and 



(13.10) V^ddu A 10^-^ - 2dd{e-''trdB AdB*)A if ""^ - nddu A ddu A if"^^ + /i-^ = 0, 

where ^ is a smooth function on K and Jj, /i^ — 0. In the next paper, we will continue 
to consider this problem. 
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